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Abstract 



We quantize a relativistic massive complex spin-0 field and a relativistic mas- 
sive spin-i field on a space-time hyperboloid. We call this procedure point-form 
canonical quantization. Lorentz invariance of the hyperboloid implies that the 4 
generators for translations become dynamic and interaction dependent, whereas 
the 6 generators for Lorentz transformations remain kinematic and interaction 
free. We expand the fields in terms of usual plane waves and prove the equiv- 
alence to equal-time quantization by representing the Poincare generators in a 
momentum basis. We formulate a generalized scattering theory for interact- 
ing fields by considering evolution of the system generated by the interaction 
dependent four-momentum operator. Finally we expand our generalized scat- 
tering operator in powers of the interaction and show its equivalence to the 
Dyson expansion of usual time-ordered perturbation theory. 
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Chapter 1 

Introduction and Overview 



With his theory of relativity Einstein replaced the absolute character of space 
and time in Newtonian mechanics by giving them a relative meaning. In New- 
tonian physics the three-dimensional physical space and the one-dimensional 
time are represented separately by the three-dimensional Euclidean space 
and the real numbers, respectively. In special relativity space and time are 
treated equally, forming the combined notion of space-time represented by the 
four-dimensional Minkowski space. On the other hand, classical mechanics was 
replaced by the quantum theory of Schrodinger and Heisenberg, treating the 
space observable as operator and leaving time as a c-number parameter. 
In order to make quantum theory consistent with the theory of special relativity 
Dirac and others initiated what is known as relativistic quantum mechanics. 
In his famous paper Forms of Relativistic Dynamics [1] Dirac found a way 
to make the Poincare group applicable to quantum theory. Furthermore, 
he pointed out the possibility of formulating Poincare invariant relativistic 
dynamics in different ways, depending on the foliation of Minkowski space. He 
found three forms: the instant, front and point form. Each form corresponds 
to a different choice of a spacelike hypersurface defining an instant in the 
time parameter. This hypersurface is invariant under the action of certain 
Poincare generators (kinematic generators) which span the, so called, stability 
group. The others, the dynamic generators., generate evolution of the system 
and contain interactions (if present) whereas the kinematic generators stay 
interaction free. Therefore each form describes a different way of including 
interactions into the free theory. 

Inconsistencies of relativistic quantum mechanics with the existence of anti- 
particles and relativistic causality can be resolved by going from a finite 
number of degrees of freedom to infinitely many degrees of freedom. This 
corresponds to setting up a local quantum field theory. The arbitrariness 
of choosing a time parameter will still be present in a quantum field theory 
and is reflected in the arbitrariness of the choice of hypersurface on which 
canonical (anti) commutation relations are imposed. This issue was taken 
up by Tomonaga [2] and Schwinger [3] by formulating generalized canonical 
(anti) commutation relations on arbitrary spacelike hypersurfaces. 
Field quantization on the Lorentz-invariant forward hyperboloid xxx'^ = t^, 
with T arbitrary but fixed, provides a simple example of field quantization on 
a curved hypersurface. Following Dirac's nomenclature [T] we speak in this 
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context of point-form quantum field theory. Due to the curvilinear nature of 
the hyperboloid field quantization is not straightforward. Therefore only a 
few papers exist about point-form quantum field theory [JHE] and they mainly 
don't go beyond free fields. Most of these attempts to quantize field theories 
on the hyperboloid made use of hyperbolic coordinates. The "Hamiltonian" in 
these coordinates is identified with the generator for dilatation transformations, 
which is explicitly "hyperbolic-time" dependent and does not belong to the 
Poincarc group. Furthermore, it is first only defined in the forward light cone. 
This restriction can be overcome by analytical continuation, although it docs 
not seem very convenient to consider development in hyperbolic time, especially 
if one wants to describe scattering. The field equations in these coordinates are 
solved in terms of Hankel functions. The associated field quanta are charac- 
terized by the eigenvalues of the generators for Lorentz boosts, which become 
diagonal in the corresponding Fock representation {Lorentz basis). However, 
the definition of the translation generator as a self-adjoint operator acting 
on square integrable functions of these boost eigenvalues is not completely 
straightforward 0. Altogether, these approaches do not seem to be very useful 
for massive theories and lead to difficulties in describing scattering. 

In this thesis we argue that it is more convenient to work with the usual 
Cartesian coordinates and to expand the fields in terms of usual plane 
waves. The associated field quanta are characterized by the eigenvalues of the 
three-momentum operator and a spin number. The four-momentum operator 
represented in this Wigner basis becomes diagonal. Moreover, a Lorentz- 
invariant formulation of scattering can be easily achieved by considering 
evolution generated by the four-momentum operator. 

In point-form quantum mechanics, many ideas for the construction of in- 
teraction potentials and current operators are motivated by quantum field 
theoretical considerations. This emphasizes the necessity of formulating 
an interacting point-form quantum field theory. Furthermore, point-form 
quantum field theory can be viewed as a special case of field quantization in 
curved space-time, that is, with a classical gravitational background [lOllllj . 
Altogether, this should provide enough motivation for setting up a point-form 
quantum field theory. 

In Chapter [5] some basics of quantum field theory and an overview of its 
symmetries are given, which will be frequently used and referred to in the 
following chapters. The topic of Chapter [3] is the problem of time parameteriza- 
tion. Invariance under reparametcrization is a typical feature of parameterized 
Hamiltonian systems. This is first discussed for the classical free relativistic 
particle and then Dirac's forms of relativistic dynamics are introduced. In 
Chapter |4] a free complex massive scalar field and a free massive spinor field are 
quantized on the hyperboloid by means of Lorentz- invariant (anti) commutation 
relations. Furthermore, the equivalence between instant- and point-form 
quantization of free fields is proved by using the Wigner representation of 
the Poincare group. Finally, in Chapter [5l a manifest covariant formulation 
of scattering is presented. This leads to the same series expansion of a 
corresponding scattering operator as usual time-ordered perturbation theory 
does. All the longer calculations are put into five Appendices [Xl [Bl O ID] and [El 
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Chapter 2 

Fundamentals of Quantum 
Field Theory 



In this chapter we give an overview of the basic theorems and definitions of 
quantum field theory, which wiU be frequently used and referred to throughout 
the thesis. 



2.1 Poincare Group 

In his paper |12j Wigner realized that the fundamental symmetry group of a 
relativistic quantum theory is the Poincare group V of special relativity. It is the 
group of all transformations of Minkowski space-timqj that leave the distance 
between 2 points invariant. It can be written as the semi-direct product of 
with the Lorentz group C We will restrict ourselves to the restricted Poincare 
group being the group of space-time translations together with rotations 
and boosts. Its elements, denoted by a pair (a. A) with a G M'' and A G 
form a ten-dimensional Lie grou]:H. Its parameters are the four-vector and 
the skew-symmetric, real oj^'^lfl An operator representation of infinitesimal 
transformations which act on scalar functions of Minkowski space-time is given 

by m 

r! (a. A) = 1 + la^ Px - ^uj^" Aha + O {a^,u;^) , (2.1) 
where Af'' = —M''^^. The operators P^^ and M^^" are then given by 

= (2.2) 

M'"' = x^P" - x'^P", with xeM.'^. (2.3) 



^Minkowski space-time is the R** together with a fiat Lorentz metric g of signature 

^An n-dimensional Lie group is a continuous group which has the properties of an n- 
dimensional manifold 1131 . 

■^Minkowski- vector indices are denoted by p, fi, u, X, a = 0, . . . 3, three-vector indices by 
i, j, k = 1, . . . 3. The Dirac spin indices are also denoted by p, X, cr = ±|, but it should be 
clear from the context which ones are meant. 
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They satisfy the following commutation relations of the Lie algebra of V: 

[pt'^P''] = 0, (2.4) 

[^j-M^ pP] ^ i{g''Ppf' ~ gt'PP''), (2.5) 

[M^"',M^''] = -i{gP^M'"' ^ g'^^MP'' +g'"'MP^ - gP^M"^) . (2.6) 

Only these commutation relations are essential for the definition of the Lie 
algebra, they are satisfied for any arbitrary representation of 'P\. and 
M^'" are called generators of V]^, they generate space-time translations and 
Lorentz transformations parameterized by a and u, respectively. Since the 
proper Lorentz group has covering group S'i(2,C), we shall call the covering 
group of the V^. inhomogeneous SL (2,C). 



2.2 Fields 

All relativistic theories should be invariant under V^. For relativistic quantum 
theories there is a physical Hilbert space H in which a unitary representation 
U{a,A) of the inhomogeneous SL{2,C) act^, giving the relativistic transfor- 
mation law of the states. U (a, 1) can be written as U (a, 1) = e'"^ ^ with 
P'^ unbounded and hermitian. The operator P\ P^ ~ is interpreted as the 
square of the mass and the eigenvalues of P^ lie in or on the forward light con^. 



2.2.1 Transformation Laws 

Let us consider classical field^ Xa (x) that transform under a Poincare trans- 
formation (a, A) as 

Xaix)-^x'o.ix')^SiA)^^Xpix), x'^Ax + a. (2.7) 

After quantization the classical fields Xa (x) are replaced by field operators 
Xa {x) that act on a Hilbert space H. Quantum states |$), which are elements 
of Ji, behave under Poincare transformations like 

H 3 \^) ^ \^') ^ U {a, A) \^) e (2.8) 

with U (a, A) being a unitary operator. The classical fields Xa (x) corre- 
spond to expectation values of the field operators Xa {x) {^\Xa {x) |$) and 
the transformed fields x'a (^') correspond to a transformed matrix element 
\xa {x')\ $')■ From <^ and (EH) we find 

S (A) J' mp (x) 1$) = ($1 U (a, A)-i Xa ix') U (a, A) |$). (2.9) 

This equation is valid for arbitrary states, therefore a field operator transforms 
under U (a. A) as 

U (a. A) Xa ix) U (a, A)-^ - S {A'')f xp (Ax + a) . (2.10) 

^Operators acting on a Hilbert space are denoted by 

^The light cone is the region of all timelike and lightlikc four- vectors v (vxv^ > 0) of 
Minkowski space. 

®We label the fields by greek letters a, /3, 7, <5. . ., which have not to be confused with 
Lorentz indices. 
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For a spin-0 field operator </> (Lorentz scalar) we have then 

U (a, A) 4> (x) U (a, A)~^ {Ax + a) . (2.11) 

For a spin-i field operator -0 (Lorentz four-spinor) we have for the components 
ipa, a = l,..A 

U (a, A) (x) U (a, A)"^ = 5 (A-^) ^jp {Ax + a) , (2.12) 
where 5* (A~^) is a 4 x 4- matrix representation of the SL (2, C) 

2.2.2 Noether Theorem 

A symmetry of a theory is equivalent with the invariance of the action under a 
certain transformation. According to Neother's theorem, every symmetry of the 
action corresponds to an integral of motion of the theory. The classical action 
is given by 

S[x]:^ [ d^xC{xa{x),d^Xc.{x)), (2.13) 

with the Lagrangian density C {xa {x) , dfj.Xa {x)) being a function of the fields 
and their first derivatives^ The Hamiltonian principle of making the action 
stationary gives the Euler-Lagrange equations as 

dC ^ f dC \ ^ 



5Xa{x) dXaix) ^ \d {df,Xa {x)) 

where t-i-^ denotes the functional differentiation. 

Let us now consider an infinitesimal symmetry transformation of the form 

Xa {x) x'a (x) = Xa {x) + eT^ {xi {x) , X2 {x) ■,■■■) ■ (2.15) 

Remarkably, the integral of motion G, associated with this symmetry transfor- 
mation, is its infinitesimal generator in the sense that 

To, (Xi {x) , X2 (x) , . . .) = {xc {x) , G)p , (2.16) 

where {. . - jp denotes the Poisson bracket. For field operators Xa the Poisson 
bracket is replaced by the commutator 

To. (Xi {x) , X2 {x) ,...)- [id, Xa {x)] . (2.17) 
Global Gauge Transformations 

We assume that the action and even the Lagrangian density of a complex field 
is invariant under a global U (1) phase transformation, i.e. 

5C {x) := C (x' {x) , d,x' {x)) - £ (x {x) , d,x {x)) = 0, (2.18) 
if x' {x) = e-"x {x) and x'* {x) = e"x* {x) , e = const. . (2.19) 



^In order to simplify notation, we will write in the following C (x) instead of 
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With the help of S {d^x) = {5x) and (j2.14p we find for infinitesimal transfor- 
mations that 



5C {x) = 
where 



dC [x) 



Sx (x) 



dC {x) 



d{d^X* {x)) 



Sx* (x) 



0, (2.20) 



Sxix) ■■= x' (x) - x{x) ^ -iexix) and Sx* (x) ^ iex* (x) (2.21) 

are the variations of x (x) and x* (x) at point x. Then the quantity in the square 
brackets in (j2.20|) is a conserved symmetry current 

d^J^{x) = Q, with {x) :^ I ^ " X {x) ~ I ^ ; X* {x) 



d{d^,x{x))' 



did.x* {x)y 



(2.22) 

This current integrated over a spacelike hypersurfaccH gives a conserved charge 

Q= / dS^ [x) J-^ {x) , (2.23) 

with dE^ (x) denoting the oriented hypersurface element. In a quantum field 
theory, Q becomes an operator Q generating global gauge transformations 
(|2.2ip in the sense that 



x{x)= x{x),Q , xHx) ^ - xHx),Q 



(2.24) 



Translations 

Let the Lagrangian density C {x) be form invariant, i.e. C {x') = C{x), under 
a translation x' = x + a that transforms the fields as 

(x) ^ x« ix') = Xa (x) . (2.25) 

Again it is sufficient to consider infinitesimal displacements. The variation of 
the fields and their derivatives at the point x is then 

SXa (x) := x'a (x) - Xa {x) = a" d^Xa {x) , (2.26) 
6d,,xc.{x) = d^6xo.{x). (2.27) 

Expansion in the small parameters gives for the change in the Lagrangian 
density (at point x) 

SC {x) = a^'d^C {x) . (2.28) 
On the other hand we get from (PTB| with the help of (H^S]), and (pji)) 

*A hypersurface is a three-dimensional submanifold embedded in a four-dimensional mani- 
fold. A hypersurface is spacelike, if its normal vector (x) is timelike, i.e. nx (a:) [x) > 0. 
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Since a is arbitrary, wc get from comparison of p.28p and (|2.29p 
dC (x) 



duXc {x) ~ gi:C (x) 



0. 



(2.30) 



The quantity in the square brackets is a conserved Noether current called energy- 
momentum tensor 



(2.31) 



At this point it is important to note for later purposes, that this expression is 
valid for both interacting theories and free theories. If the interaction terms in 
C do not contain derivatives of the fields, all interaction terms are included in 
the second part only. 

Integration of (|2.3ip over a spacelike hypersurface gives the four-momentum 



dE'' {x)Vix). 



(2.32) 



In a quantum field theory P^^ becomes an operator P'^ generating space-time 
translations of the field operator in the sense that 



9''x(^) = 4^^xW 

Lorentz Transformations 

We consider an infinitesimal Lorentz transformation 

with a corresponding matrix representation of the SL (2, C) (cf. (|2.10p ) 

The fields transform according to (|2.7[) as 

X'" {x') = S{tC)%x' {x). 
A Taylor expansion of the left hand side yields 

1 



(2.33) 



The difference ^x'" (2^) = x'" (2^) ~ X" (^) is then 

<5x" ix) = -'-Lo'^ [[S^^r^ + x^ {x) , 

where Xact i {x\da- ~ x^dx). Similarly, we can write the variation 
derivative of the field as 



(2.34) 
(2.35) 
(2.36) 
(2.37) 

(2.38) 
of the 



Sd^x" ix) = -l:^^" \[Sx.r, + Lxa6%] d^x^ (x) ~ cofd^x^ (x) . (2.39) 
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We assume £ to be form invariant under the Lorentz transformations p.38|) 
and (|2.39p . On using (|2.14p , (|2.3ip and integration by parts we get 



dC 



Txa + TaX — 0. 



(2.40) 



Since the conservation law (j2.30p docs not define the current in a unique way, 
we can always add a divergence of a total antisymmetric tensor A^'^'^ satisfying 
the same conservation lawO For symmetric T^"^ we may construct the angular- 
momentum density as |16) 



M^""" {x) := x^r^"" {x) - x^T^" [x) , 
conserved in the sense that 

d^.M^""' {x) = 0. 



(2.43) 



(2.44) 



Then the corresponding conserved charge is the integral over a spacelike hyper- 
surface 



M"^ = I dJ:xix)M^^"' (x) 



(2.45) 



The antisymmetric tensor M^"^ becomes an operator M^'^ in a quantum field 
theory generating Lorentz transformations of the field operator, i.e. Lorentz 
boosts and spatial rotations in the sense that 



(2.46) 



2.2.3 Microscopic Causality 

Next we want to mention what is known as microscopic causality. Two operators 
that describe integer spin fields should commute, if they are spacelike separated, 
i.e. 



4>a{x) ,(j)i:i{y) =0, 'i{x-y)y^{x~y) < 0. 



(2.47) 



Similarly two operators that describe half-integer spin fields should anticom- 
mute, if they are spacelike separated, i.e. 



l-fAa (x) ,?/'/3 (y)| = 0, \l{x-y)^{x-yf 



< 0. 



(2.48) 



^This suggests to construct a new, symmetric energy-momentum tensor T, known as Be- 
linfante tensor 1161 . 

T^M^ = r^'^ -I- d^A^i^''. (2.41) 

It can be shown that 



''{x) = 0, P'" = J dS'' (x) (x) . 



(2.42) 



From now on we will leave the tilde away and assume that T^'^ is symmetric, T^" = T"^^. 
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2.2.4 Fock Space 



In all free field theories the total number of particles A'' is a constant in time. 
The Hilbert space of states can be written as a direct infinite sum over all A^ of 
tensor products of A^ single-particle Hilbert spaces 



J" = (Hif^ = C ® -Hi ® (-Hi ® Hi) ®(Hi®Hi®Hi)(S) ... (2.49) 



where the single-particle space Hi is a representation space for a unitary ir- 
reducible representation of the [T7j. The linear Hilbert space F is called 
Fock space. On J- we can define a complete set of (anti)commuting self-adjoint 
operators that create or annihilate field quanta. Thus every multi-particle state 
can be constructed by the action of these creation operators on the vacuum. 
A complete set of these multi-particle states form a basis that span F. The 
most common choice of a basis is the, so called, Wigner basis, which consists of 
simultaneous eigenstates of the three-momentum operator and an additional 
operator describing the spin orientation a. Therefore, a general field operator 
representing particles with a certain mass and spin can be written as an expan- 
sion of these creation and annihilation operators. Furthermore, the generators 
for space-time translations P'' expanded in the Wigner basis become diagonal. 
This Fock-space representation of the is called Wigner representation. 
Another representation is the, so called, Lorentz representation. In the Lorentz 
basis, the Casimir operator of C\, cx M^j^^M^'^ together with the square of 
the operator for total angular momentum ,P = eij^M^^ and one of its compo- 
nents become diagonal [HI ■ A problem of the Lorentz basis is the definition of 
the four-momentum operator P^ as self-adjoint operator acting on the Hilbert 
space of square- intcgrable functions [S] . Therefore we will rather use the Wigner 
representation in the following. 

2.2.5 Scattering Operator 

The asymptotic incoming (outgoing) multi-particle states labelled as I'I'in) 
(I'&out)) span the Hilbert space J^in (^out) with a Fock-space structure as (|2.49[) . 
If asymptotic completeness holds, namely that J^in = ^out = ^ where !F is the 
Fock space of the full interacting theory, then a unitary operator S : J^^ut ^in 
can be defined. S maps |$out) of given momenta and spins to I'I'in) of the same 
momenta and spins [T7], 



This operator is called scattering operator (S operator). The S-matrix between 
the two states, |<i>) and j^"), is then given by [T7] 



oo 



N=0 



S : |$out> ^ ^l^out) = l^in). 



(2.50) 



($out|*in> = ($out|^*out) = ($in|5*i„). 



(2.51) 
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Chapter 3 

Time Parameterization 



Hamiltonian mechanics is the usual starting point for canonical quantization of 
a non-relativistic theory. For a relativistic theory the Hamiltonian formalism 
has to be adapted in such a way that it is consistent with the requirements of 
relativity, namely treating space and time equally. This generalization results 
in a freedom of time choice, due to the fact that we have to deal with a singular 
system. To illustrate this, it is sufficient to consider a free classical relativistic 
particle [TWT] . 



3.1 Free Relativistic Particle 
3.1.1 Singular System 

The state of motion of a free particle is characterized by the relativistic energy- 
momentum vector lying on the mass shell, 

PxP^^m\ (3.1) 

Since we have free relativistic motion and a flat space-time, the solutions of 
Hamiltonian's variational principle will be straight lines joining two points yi 
and 2/2- This results in the Lorentz-invariant ansatz for the action as integral 
over the path between the timclike separated points yi and y2 

S = -mf\s, (yi - 2/2)a (yi - y2)^ > 0. (3.2) 

J si 

On choosing an arbitrary parameterization, r i— > cc'^ (r), the invariant infinites- 
imal distance becomes 



(3.3) 



Here we have introduced the word-line metric i] (t) = i'' = (ds/dr)^ with 
the four-velocity =: i^. 77 (r) can be viewed as an auxiliary parameter^ 



^We see that for r] (t) = 1 the infinitesimal distance (since we have chosen the velocity of 
light c = 1 this coincides with the proper time) provides a natural parameterization 1221 . 
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Inserting (|3.3|) into (j3.2[) . we introduce the Lagrangian as 



-m I dT\l — -^^l dTL(T). (3.4) 



dr dr 



We see that the four velocity is a timehke (or hghthke) vector as long as 
the world-line metric is positive (or zero) in order to preserve relativity. The 
Euler-Lagrange equations corresponding to (j3.4p . resulting from Hamiltonian's 
variational principle, namely that the action of the chosen path becomes sta- 
tionary, are 

dL d dL ^ d mx'^ 

^ ^-Tr^ = ^ -| ; = 0- 3.5) 

dXf, dr dXf, dr ^77 (t) 

The momentum canonically conjugate to x is 

dL i'' TO dx^ ds dx'^ 

TO ^ ^ ^ — — = m— =p^. (3.6) 
02;^ 0/(r) V?7(t) ds dr ds 

From now on we will use p for the momentum conjugate to x^ We see that 
the canonical momenta are independent of ry (r) and thus independent of the 
chosen parameterization since squaring gives the mass shell constraint p.ip . 
Unlike for the momenta p.ip the length scale -q (r) for the velocities is not fixed 
in general. The canonical Hamiltonian is given by the Lcgendre transformation 
of the Lagrangian 

Hc=g-,i'^L = 0. (3.7) 

The canonical Hamiltonian vanishes and it seems that there is no generator for 
time evolution. This is due to the fact that this description of motion contains 
a redundant degree of freedom, namely i^. Thus the dynamics of the system 
is hidden in the constraint p.ip . In fact, the Legendre transformation (j3.7p 
from L to He cannot be performed!! Such a classical system is called singular. 
If it is not uniquely soluble for the i^, then the momenta are not completely 
independent from each other, but they have to satisfy constraints. These are 
called primary constraints |23| and their number is the number of equations (|3.6p 
minus the rank of the determinant of the Hessian A'^'^ [TS] . Thus we have one 
primary constraint given by (j3.ip . 



^Note that dx^/ds =: is the invariant velocity by choosing the natural parameterization 
s, i.e. V/j, = 1. We see that for the choice of the natural parameterization s the length scale 
is fixed. 

^ The Legendre transformation 13.71 1 cannot be performed since the condition 

dctf^!^Uo 



is not satisfied. Indeed, we calculate 
d'^L rr. 



(^Xq- X Qfii^ Xfj^Xu^ — ^J\.f2i/. 



dxl^dx-^ (x;,iA)5 {xxX^y- 

The determinant of the Hessian matrix A^i, vanishes as follows. 
The linear, homogeneous system 

A^.^u" = 

has a non-trivial solution, if and only if detA = 0. Such a non-trivial solution may be given 
by It" = cx'^ with c = const. . 
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3.1.2 Reparameterization Invariance 

To proceed we consider a reparameterization of the world line, 

r ^ t', (r) x'^ (r' (r)) , (3.8) 

where the mapping t i— > r' is injective and dr'/dr > to conserve the orienta- 
tion. Since the Lagrangian is homogeneous of first degree in i^, 

L {ci^") = cL {x'') , (3.9) 

it changes under reparameterization to 

L (dx^/dr) = L ((dx^/dT') (dr'/dr)) ^ —L (dx^/dr') . (3.10) 

dr 

This makes the action invariant under reparameterization, i.e. 

5'= / 'drL(da;^/dr) = / ' dr'-^^L (da;^/dr') = S", (3.11) 
Jti Jt[ dr' dr 

leaving the endpoint fixed, ri^2 = 'Ti 2- Thus the choice of the time parameter is 
arbitrary and there is no absolute time. Therefore p.4p really characterizes the 
world line of the particle independent of a particular choice of coordinates [H] . 
According to Eulcr's theorem for homogeneous functions we have 

dL 

^=d±^^' = ~P^^'' (3-12) 



which is equivalent to the vanishing canonical Hamiltonian (j3.7p . Clearly, in 
this case, the momenta are homogeneous of degree zero. Thus reparameteri- 
zation invariance of the action implies that the Lagrangian is homogeneous of 
degree one in velocities. 

The primary constraint 

eip) -.^pxp^ -m^ =0 (3.13) 

has zero Poisson bracket with itself. Any dynamical variable that has vanishing 
Poisson bracket with the primary constraint is called first class |23| . Therefore 
Q is called first class. It is important to note that we must not use the con- 
straint p.l3p before working out a Poisson bracket, therefore (|3.13p is called a 
weak equation. That this first class primary constraint generates the reparam- 
eterization invariance can be seen with the help of (|2.16p . 

On using the Poisson bracket {x^,p'''}p = ~g^'^ and (|3.6p we calculate the 
change of coordinates induced by an infinitesimal reparameterization t ^-^ t' = 
T + St, 

Sxf" := x''iT + ST)-x^'{T)^{x^',e{p)Se}p^~2p''Se 

= -Om Sf = x^St, (3.14) 

where we have identified (5r — —2m /"^ to account for the different dimen- 
sionalities. Thus reparameterization of the world line is indeed generated by 
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the constraint (|3.13p . 



Invariance under reparameterization can be viewed as a redundancy symmetry. 
There is a freedom of time choice similar to a freedom of choice of gauge. A 
single world line (trajectory) can be described by an infinite number of different 
parameterizations. We are free to parameterize a world line by any parameter 
which can be expressed by a monotonic increasing function of the particle's 
proper time s. The trajectories are therefore equivalence classes obtained by 
identifying all rcparameterizations. The choice of a particular time r corre- 
sponds to the choice of a particular foliation of Minkowski space-time in space 
and time. An instant in the chosen time is described by a three-dimensional 
hypersurface of equal r. Then time development is a continuous evolution from 
one hypersurface E^.^ : r = tq to another : t = ti > tq. Consequently, 
Minkowski space is decomposed into hypersurfaces of equal time t. 



3.1.3 Space-Time Foliation 

To find a particular foliation of Minkowski space, we introduce a general coor- 
dinate transformation from the Cartesian chart to a new chart 

^ = (^-^^^ 

where the new coordinates (x) may be curvilinear. General relativity de- 
mands invariance of the infinitesimal line element in Riemann spac^fl under 
arbitrary coordinate transformations. Thus, we have 

ds^ = g^Ax^dx^ = g^^^__deMr - Vxa {i) d^^dr , (3.16) 

where jyAo- {£,) — Sfiv^s-^^ denotes the coordinate dependent metric defined in 
the new, non-inertial reference system. If we now choose S,'^ (x) to represent our 
time variable, i.e. 

then the remaining spatial coordinates (x) , i = 1, . . . 3 parameterize the three- 
dimensional hypersurface (x) , which is curved in general. The normal vector 
n (x) on Tir is defined by 



deix) 

Uf, (x) - 



dxt" 

The vector in ^"^-direction, i.e. the new velocity is 
The relation between n and x is 



(3.18) 



(3.19) 



^Riemann space-time is a four-dimensional, connected, smooth manifold A4 together with 
a Lorentz metric r] (^) with signature (+, — , — , — ) defined on M. 
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From (13.31) wc find for tlic world-line metric 



^ r;(T)=,7A.(C)e^^ = i.i^ (3.21) 

with the velocities ~ Accordingly, the world-line metric provides an 
arbitrary scale for velocities in all coordinate systems. The Lagrangian in the 
new coordinates becomes 

L (r) = -TO = -Tn^f^iZ(M^^ ■ (3.22) 

The momentum canonically conjugate to ^ is defined by 

dL TO -x m dx'^ . dx"' 

v/?7 (t) Vvirjo^f' 

on using p.6p . This is just the coordinate transform of the momentum. They 
have to satisfy {(,^,T^'^}p = —rj'^'^ (^). The canonical Hamiltonian as Legendre 
transform of the Lagrangian becomes 

H. = ^j'-L= -n,e L = {rj^^ ^a-. - to^) . (3.24) 

d£_^ TO ^ ' 



This vanishes on using (|3.23p and p.l3p . 



= 5^%P.-to2 = 0. (3.25) 

Thus, the canonical Hamiltonian vanishes in any coordinate system. 
A possible way to proceed is to make use of the Dirac-Bargmann algorithm by 
introducing the primary constraint p.ip into the Hamiltonian by means of a 
Lagrangian multiplier A, 

H = H,, + Xe{p), e{p) -.^pxp^ -m\ (3.26) 



The Hamiltonian equations of motion become, using p.6p and {x'^,p'^} 



p 



-9'"', 



x^' = K,il}p = -2Ap'^, (3.27) 
r = {p^,i?}p=0. (3.28) 

We see that p.27|) contains the unknown Lagrange multiplier A which makes 
the whole dynamics of the system undetermined. Comparing p.27p with p.6p 
we obtain 



A = -4^. (3.29) 

To determine A or 77, we have to fix a time. This is achieved by imposing an 
auxiliary condition of the form 

S(a;;T)=0. (3.30) 
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Consistency with p.27p and p.28p requires conservation in time, leading to the 
stabihty condition 



9S 5S 9S 

Solving for A givesQ 



^ 1 1 as 

{S,e}p9r ~ 2pMa^S9r- ^^'^^^ 

We sec that S must depend explicitly on the time parameter r and at least one of 
the x^^ in order to get a finite A. This is equivalent with a non- vanishing Poisson 
bracket {S, 0}p. Thus, p.30p requires r to be a function of . Altogether, 
this suggests S to have the form 

~{x-T)^T~e{x). (3.33) 

We see from (j3.18|) . that p'^ d^E = —p^d^S^^ is just the projection of onto 
the normal vector ri^ {x) of the hypersurface E,-- Inserting for A in (|3.27p gives 



P^ Tlx {x) ' 

Squaring gives the world-line metric as 



(3.34) 



Vir)^-^—-,. (3.35) 

(p^ nx [x)) 

We know from p.23p how x'^ and p'^ transform under coordinate transforma- 
tions. Thus we can immediately give the dynamics of the using (j3.34p 

^ dx-^^ dx^ p" ricr (x) p'^ Tier {x) (3 36) 

Then, the Hamiltonian Hr^ i.e. the variable canonically conjugate to t gener- 
ating T-evolution, is explicitly given by 

Hr=Tr° ^ p" Ua {x) . (3.37) 



3.2 Forms of Relativist ic Dynamics 

The Poincare group V is the symmetry group of any relativistie system. Con- 
sequently, the system described above should be Poincare invariant. Therefore, 
the representations (|2.2p and (|2.3p should take into account the constraint p.l3p , 
which guarantees relativistie causality as it generates the dynamics. Proceed- 
ing as before, choosing a time parameter r leads to a particular foliation of 
space-time into hypersurfaces S. A necessary condition for causality is that 
the hypersurfaces should intersect all possible world lines once and only once 
and therefore be spacelike. For an arbitrary spacelike hypersurface Sr given by 

^ If 113.311 does not determine A, then wc call it secondary constraint which has to be posed 
in additional to the primary constraint 1 13.131 1. 
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T = (x) = const., with r arbitrary but fixed, we can analyze its transforma- 
tion properties under tfie action of the Poincare generators (|2.2p and (|2.3p . If 
a generator maps S,- onto itself for all r, i.e. if it leaves the hypersurfaces S 
invariant, we call the generator kinematic. Otherwise we call it dynamic. All 
kinematic generators span a subgroup of P, the so called stability group V^, 
whereas the dynamic generators are often referred as Hamiltonians. The latter 
map St- onto another hypersurface and thus involve evolution of the system. 
When including interactions into the system (usually via an interaction term 
in the Lagrangian), only the dynamic generators will be affected whereas the 
kinematic generators stay interaction independent. 

The higher the symmetry of the hypersurface, the larger will be V^. There is 
a further requirement, namely that any two points on E can be connected by 
a transformation generated by the stability group [TH]. In his paper Forms of 
Relativistic Dynamics [T], Dirac found three different hypersurfaces with large 
stability groups of dimensions 6, 6 and 7 and called them instant, point and 
front form, respectively!! 

Transformations generated by an element of the stability group must leave the 
hypersurface S,- : r = {x) invariant. Consequently, we have for a kinematic 
component P^^ of the four-vector P, using (j2.1[) for infinitesimal a, the condition 

n{a,l)eix) = e{x)+^a^P^eix)^e{x) (3.38) 
^ p/^^o (x) ^ id''^^ (x) = 0. (3.39) 

Similarly, we have for a kinematic component M'^^ of the tensor M and in- 
finitesimal w 

M^"'£_° {x) = i {xf'd'' - x^df") £,° (x) = 0. (3.40) 

In terms of components of and n'' (x) of the vector normal on S,- (j3.18[) these 
equations read 

n'' (x) = 0, x^n" (x) - x'^n^' (x) = 0. (3.41) 

If (x) has a non-trivial stability group, (|3.4ip is satisfied for at least one ly 
and/or /z [TO] . 

3.2.1 Instant Form 

The most common choice for r is the Minkowskian time (x) = x" = 
The hypersurfaces St are planes isomorphic to M.^ with the normal vector 
n = (1, 0)"'" parallel to the Minkowskian time coordinate, as shown in Figure ISJl 
From and (|Xin)) wc find 

P'x° = 0, A'P^x° = -A'P'x" = 0, (3.42) 
P°x° ^ 0, M'°x° = -Af°'x° ^0 Vi, j = 1, . . . 3. (3.43) 

Thus the generators for space translations P' and space rotations = eijk.M-'^ 
are kinematic. The generator for Minkowskian time evolution Ht = P*^ and 

^Two others were found later, but they have smaller stability groups of dimension 4 1241 . 
In the following only the first three found by Dirac are discussed. 
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Figure 3.1: A hypcrsurfacc in instant form is a hyperplane defining an instant 
in Minkowski time, here for a;*^ = t = 0. 




Figure 3.2: Time development in instant form generated by P'^. 



the generators for Lorentz boosts = become dynamic. Hence, time 
evolution from Ej to T,t+At will be generated by P° (cf. Figures 13.21 and 13. 3p . 
Furthermore, Ej will be invariant under space translations and rotations, but 
not boost invariant, which is an expected result since boost mix space and time. 
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3.2.2 Front Form 

The choice t = x'^ + =: x~^ corresponds to a hypersurface representing a 
hyperplane tangent to the Ught cone, the, so called, null plane (cf. Figure [33]). 
In front form it is useful to introduce light-cone coordinates with a metric tensor 
containing off-diagonal elements. Furthermore, n'^ from (|3.18p does not coincide 
with from (|3.19|) . but n^i^ = 1 still holds. At this point we won't go into 
details, but just to mention the important feature of the front form having the 
largest stability group with dimension 7. 
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Figure 3.4: The hypersurfaee in front form is the nuU plane defining an instant 
in x~ . 



3.2.3 Point Form 



The choice (x) = t = \/ x\ of time corresponds to a curved cqual-r hy- 



persurfaee Yj^ : x\x — T describing a hyperboloid in space-time (Figure 13. 5|) . 
The curvihnear coordinates parameterizing these hyperboloids are introduced 
by the coordinate transformation 



x^ (a,/3,i^,^) 



cosh/3 
sinh/3 smd cosLp 
sinh/3 smd smtp 
\ sinh/3 cosi? J 



Y 



with e" = r. The metric is given by 



n - 

77^1. (r, /3, ??, if) 



( 1 



V 



— r^sinh /3 




-T^sinh^;^ sin^?? / 



This leads together with f|3.2ip to the world-hne metric 



?/(t) = 1 



d/3 
d7 



r2sinh^/3 



d7 j 



T sinh /3 sin^t^ 



dip 
d7 



(3.44) 



(3.45) 



(3.46) 



From p.lSp we find for the normal vector on the hyperboloid Ei- , (x) = ^ . 
This is in that case identical with the velocity p.l9p and can be interpreted 
as a four-dimensional radial vector. The Hamiltonian, i.e. the generator for 
T-evolution from T.^ to T,t-+At is given by p.37[) as 



Hr = D = nx 



XX 



(3.47) 



Ht is identified as the generator for dilatation transformations denoted by D, 
which does not belong to the Poincarc group but to the bigger conformal group. 
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Figure 3.5: A hypersurface in point form is a hyperbofoid defining an instant in 

T. 




Figure 3.6: r-devefopment generated by D. 



From (j3.47[) we note the explicit r-dependence. Furthermore, D is only defined 
for r > 0, thus r-evolution is restricted to the forward light cone (cf. Figures 
and l3.7p . It becomes rather difficult to describe r-evolution from the backward 
light cone to the forward light cone, which is necessary when formulating a 
scattering theory within this approach (cf. Chapter [5]) . 
From ((3^ and (lOO)) we find that 

P''^/x^^O, M>'''^/xxx>- = 0. (3.48) 

This shows that in point form the generators for space-time translations become 
dynamic, whereas the generators for Lorentz transformations are kinematic. 
This manifest Lorentz covariance is the typical feature of the point form. 
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Figure 3.7: r-dcvelopmcnt generated by the dilatation generator D corresponds 
to evolution from one hyperboloid, E,- : x\x^ = to another J^t+At ■ x\ = 
(r + Ar)^ (for r, Ar = const.), here illustrated for tq = < ti < T2 < ts. Note 
that Y,T=o represents the light cone. 



3.3 General Evolution 

From (|2.32p and (|2.45p we are able to derive a general formula for a Hamiltonian 
of a system with a given foliation r = (x) that generates displacements of a 
hypersurface Et-. We define the operator G;; by means of the energy- momentum 
tensor (|2.3ip as 



Gc= / dE^(x)Cp(x)r,^(x), (3.49) 



where 



dE^^ (x) = d^x^^^S (^0 (a;) _ ^) ^ d'*x (x) J (.t) - r) 

= n'' (x) dE^ (.t) . (3.50) 

The quantity generates the infinitesimal transformation 

^ x'^ ^xf^ + C (x) , x' (x) =x{x)+ C {x) d^x {x) , (3.51) 

where (x) is a function of x. If we choose a particular space-time foliation, we 
find two classes of operators from (|3.49p . depending on the form of (x). The 
operators of the first class are called kinematic, if the hypersurface E^ : r = 
(x) is invariant under transformations (|3.51D . i.e. 

Se (x) := e ix') - e ix) = (x) (x) = C ix) {x) - 0. (3.52) 
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Otherwise, i.e. if 

6e{x)=(:''ix)n^{x)^0, (3.53) 

then belongs to the second class and is called dynamic. 
When including interactions into the energy-momentum tensor via an interac- 
tion Lagrangian £int (x) 

r^^- (a;) T^'' {x) - .g'^'^Ant {x) , (3.54) 

we find that the kinematic operators are independent of £int- The interaction 
part of Gq is 

- / d^x5 {e {x) - t) [x) [x) Ant {x) = 0, (3.55) 

if p.52p holds. We note the important result, that when including interactions 
into the theory, the dynamic operators become interaction dependent, whereas 
the kinematic operators stay interaction free. 

Furthermore, for particular choices of ^'^ (x) we recover the generators of the 
Poincarc group: P'' corresponds to {x) = gi"" (d. (gSH)) and M'^" to the 
choice C^"'P (x) = x^'g''P - x" g^^P (cf. dUS])) HHgd 



For completeness we note that the dilatation generator D 113.471 1 corresponds to the 
choice C (x) = x^*, the choice ij^"' (x) = 2x'^x'^ — g^^'^x^x^ corresponds to the generator 
for special conformal transformations K^^ . Together with the Poincare generators they obey 
commutation relations, the so called conformal algebra of the 15 parameter conformal group. 
With K^^ and P*^ we find another kinematic operator xx x'^P'^ ~ K'^ leaving the hyperboloid 
invariant [1]. 
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Chapter 4 



Covariant Canonical 
Quantization of Free Fields 

The common procedure of canonical quantization consists of posing canonical 
(anti) commutation relations on the field operators at equal Minkowski times 
x'^ ^ if ^ t. This corresponds to quantization on the hyperplane E*. Adopting 
Dirac's nomenclature [1] we shall call it therefore instant-form field quantization. 
In Chapter [3] we have found the freedom in choosing a space-time foliation of 
Minkowski space as a characteristic feature of relativistic parameterized systems. 
Generalizing these ideas to a field theory leads to canonical (anti) commutation 
relations imposed on an arbitrary spacelike hypersurface. This corresponds to 
a particular choice of space-time foliation. In his paper Schwinger [3] proposes 
this way of generalized canonical field quantization without making a particular 
choice of time. In the following chapter we shall apply this idea to the point form 
and quantize field theories on the Lorentz-invariant hyperboloid S,- by imposing 
Lorentz-invariant canonical (anti)commutation relations. Therefore we shall 
speak of point-form quantum field theory. As we have seen, the particular choice 
of space-time foliation should not play a role for the dynamics of a relativistic 
theory. This is expressed by the reparameterization invariance of the action 
(cf. Section 13.1.2^ . The Lie algebra p.4|) demanding Poincare invariance of the 
theory should hold for any form of dynamics. In particular for a free theory, 
the Poincare generators should be essentially the same, which can be explicitly 
shown using a common Fock basis. To see this equivalence, we will make use 
of the, so called, Wigner basis which consists of simultaneous eigenstates of the 
three-momentum and spin. 



4.1 Complex Klein-Gordon Fields 

We consider a free classical complex scalar field theory in (3 -I- l)-dimensional 
Minkowski space-time, with (/) (x) , (/)* (x) describing fields with electric charge. 
Starting with a free Klein-Gordon Lagrangian density 

Ckg (x) = (x) (x) - (x) (j> {x) , (4.1) 
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the classical action functional is defined by (|2.13p 

5kg[0,'/'1 / d-'xCKoix). (4.2) 

The least action principle (|2.14p of varying the action functional with respect 
to {x) , (f>* {x) gives 

(55kg [(/>, <!>*] ^ (55'kg [0, ^1 _L n (a-i\ 
Scl){x) ' (50* (x) ^ ^ 

This is equivalent to the Euler-Lagrange equations 

OCkg jx) _ „ OCkg jx) OCkg jx) _ „ 5£kg (x) , . 

9(/)(x) " ^d{d^c^{x)y dcj>*{x) ~ ''d{d^^*{x)y 

For the Lagrangian density (|4.ip these equations of motion are the Klein-Gordon 
equations 

(□ + m^) (?i (x) = 0, (□ + m^) (x) = 0. (4.5) 
4.1.1 Invariant Scalar Product 

Let (j}^x be arbitrary solutions of the Klein-Gordon equation (j4.5|) . Their inner 
product can be defined by 

(0,x)s ■■= ^ [ dJ:^{x)[r{x){d^x{x))~{df,r{x))x{x)] 

= I [ dS^(x)r (x)^x(a;), (4.6) 

with E denoting a spacelike hypersurface of Minkowski space. It can be shown 
that the inner product (j4.6p does not depend on the particular choice of E [26] . 
o We make use of Gauss' theorem 

/ dE^C^== / d'^xd^C, (4.7) 

JdU Ju 

with U being a compact four-dimensional submanifold of Minkowski space and 
C a vector field. Let Ei, E2 be two different, spacelike hypersurfaces and let U 
be bounded by Ei, E2 and by suitable timelike hypersurfaces where (f> = x = 0. 
Then we can write 



,x)s,-(0,x)s. = W dW[r{x){d^x{x))-{d^rix))xix)] 



au 



I / d^x (x) (d^x (x)) - (d^r (x)) X (x)] 



lU 

I I d^x W {x) (□ x{x))- (□ (/)* (x)) X {x)] 

ni^ -m^](t)* {x)x{x) (4.8) 



I f d^x [ 
Ju 



where we have used in the last step that (f>, x solve the Klein- Gordon equa- 
tion g3|) US]. • 
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We see that it is essential for the inner product to be independent of the hyper- 
surface, that (p and x are solutions of the Klein-Gordon equation. From p.50p 
we can write the hypersurface element as 



dE'" (x) = n^' (x) dS {x) 



(4.9) 



For a hypersurface with fixed Minkowski time x'^ = t = const, (cf. Sec- 
tion [3?2J]) , we have dx° = 0. Therefore, we have for the hypersurface element 



V 



V 














J 


I J 



d^x = g^^Sx. (4.10) 



This inserted into (|4.6|) yields the well known scalar product 



'X)Et— M d x(l}* (x) do x{x)\^o^t^ 



(4.11) 



which is independent of t. We shall call (|4.1ip instant-form scalar product. 
Every solution of the Klein-Gordon equation (j4.5p can be expanded in terms of 
plane waves. This means that the functions 



(j)p (x) 



1 



and (j)p {x) 



1 



(4.12) 



with p\p^ = vn? provide a complete set. Since the constraint p.ip holds 
for (j4.12[) . the solutions of (j4.5p can be given a particle interpretation. The 
modes (j)p {x) are said to be positive energy and (/)* {x) negative energy solu- 
tions. The scalar product between these modes is 



For the hypersurface of Section 13.2.31 with fixed x\ x 
have for the hypersurface element 



dE^ {x) = 2d^x5 ixx x^-t"^ 



(x°)a;^ 



(4.13) 
(4.14) 

const., we 
(4.15) 



This is explicitly shown in Appendix [X] The inner product over the hyperboloid 
is given by 



(0,X) 



I / 2d4x5(a;AX^-r2)0(x") 



x") x^" 



x0* [x) df,xix) . 



(4.16) 



We have to show that the statement (j4.8p is true. This means that this scalar 
product is independent of the chosen hyperboloid characterized by t. Again 
using plane waves (|4.12p for (j>, x the scalar product reads 



{2n) 

W {p + q,p- q) 



d^x 6 {xx x^ - T^) e (x°) x" {p 4- q)^ e'^"iP-i)^ 

(4.17) 
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This Lorcntz- invariant distribution is calculated in Appendix (jB.l|) . Its value is 
W {p + q,p — q) = 2p^S^ {p — q)- Similarly, we have 

{c^*p.c^%)^^^-W{p + q,q-p) = -2p^5\p-q). (4.18) 
For the orthogonal plane waves we have 

= / d''x5{xxx^-r')e{x'^)x^{p~q)^e'^"^P+'^^^ 

= W{p-q,p + q)=0 (4.19) 

as calculated in the Appendix ()B.ip . Similarly we have 

{d^lAq)^^ ^ -W {p - q,-p - q) = Q. (4.20) 

Comparing these equations with (|4.13p and (|4.14p we see, that the inner 
product is indeed independent of the chosen spacelike hypersurface. 



4.1.2 Covariant Canonical Commutation Relations 

Now we want to perform the canonical quantization of our fields. For this 
purpose, we replace the classical scalar fields 0, </>* by field operators <j>,(f>^. In 
order to impose quantization conditions on these field operators, Schwinger [3] 
proposes covariant canonical commutator relations on an arbitrary spacelike 
hypersurface 



dEix) 0(2/), ^(x) 



x,ye'S 



= / ds(x) \4>Hy),^Hx) 



a;, yes 



(4.21) 



${x),TT''{y) = ^''{x),TT{y) =0, x,yeJ:. 



(4.22) 



A generalization of these commutation relations to arbitrary x and y is given 

by 



<i> (x) , (j)'' (y) =iA{x-y), 



(4.23) 



d d 



[tt [x) , TT^ (y)] = i (x) (y) -— A (x - y) , (4.24) 

(yx^, dyy 

where A (a; — y) is the, so called, Pauli-Jordan function. The field operator tt 
canonically conjugate to (f) is given by 

TT (x) = {x) //^^^ = (.t) a^0t (.^) = (^) . 



d (9^0 (x)) 



(4.25) 



In the last step we have used the transformation properties of 9^. Thus tt is just 
the derivative of 0^ with respect to some timelike direction {x) depending on 
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the choice of space-time fohation. The real distribution A{x — y) in (j4.23p and 
its second derivative with respect to a chosen time parameter in (j4.24p vanish 
for spacehke {x — y). They are given bj0 



A{x-y) 



(27r) 



(4.26) 



and 



d d 

(x) {y) — —A {x ~ y) 



1 



d^p 

i Jk4 (27r)^ 



5 {pxp^ - m2) (x) p^ (y) p'' e-'P^^^-y^' {9 (p") - 6 (-/)) 



(4.27) 



Since p is timelike and (j4.26p and (|4.27p are Lorentz invariant, we can immedi- 
ately conclude, that for spacelike {x — y) it follows that 



y) 



c) (y) 



d _d_ 

dxf_t dy^ 



A{x-y) = {). 



(4.28) 



This is a consequence of locality and causality and explicitly proved in Ap- 
pendix IC.ll 

Choosing in (j4.2ip the instant-t plane Si (|4.10[) we have 



d-^a; 



4> (y) , do4>^ {x) 



xO=yO=t 

This relation is satisfied, if the commutator is equal 



(4.29) 



x°=yO=t 



iS^ {x - y) 



and we recover the equal-t canonical commutation relations. 
If we choose in (|4.21[) the hyperboloid Sr (|4.15p . we have 



(4.30) 



2d'^xS{xx x^ 



fx") x^^ 



(4.31) 



which yields 



4> (y) , df.i''' {x) 



ix S"^ (x -y) . 



(4.32) 



These are the Lorentz-invariant canonical commutation relations when quantiz- 
ing on a hyperboloid. The Lorentz invariance is explicitly seen by noting that 
the right hand side of (|4.32p is the W distribution (cf. Appendix IB. ip . 



x'^d'' {x-y)^-Wix + y,x-y)., 



(4.33) 



^This explicit form of A (x — y) will bo clear after Fourier expanding the fields and imposing 
canonical commutation relations in momentum space (cf. Section l4. 1.31 1. 
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which is Lorentz invariant by definition. 

The commutation relations are covariant in the sense that no particular choice 
of a Minkowski time parameter has been made. 

This result agrees with those of [5] as shown in Appendix IC. 21 Furthermore we 
note that differentiation of ()4.23p with respect to Minkowski time xq gives [?7] 

■^A{x-y)\,o^y0^t^S^x~y). (4.34) 

This is nothing but the instant-form canonical commutation relation (j4.30p . 
The point-form analogue can be formulated as differentiation of (j4.23p with 
respect to C° (x) = r using = y^^^ i.e. 

d 

{x - y) \^^=y2=r^ = x"<5^ {x~y). (4.35) 
This is exactly the Lorentz-invariant commutation relation (|4.32p we expected^ 



4.1.3 Commutation Relations in Momentum Space 

The general solutions 4> and 0^ of the Klein-Gordon equations (|4.5p can be 
written as an expansion in terms of a complete set of solutions. As shown 
before, usual plane waves (j4.12p are orthogonal with respect to the invariant 
scalar product (j4.6p . Thus they provide an appropriate basis. Expansion in 
terms of plane waves is equivalent with a Fourier expansion. Therefore canonical 
quantization is done by considering the Fourier coefficients as field operators 
acting on a momentum Fock space (cf. Section r2. 2. 4p . Then the field operators 
can be written as 



Hx) ^ / dV5(pA/-m2)0(pO) (0pa(p) + <^;St(p)) 

- ^ / ^ (e-^^'-^^^'a (p) + e'f^'-"St (p)) , (4.36) 
(27r)^ Js.^ 2po V J 

./b4 V 



1 f d-^p 



(27r)2 Jr3 2pQ 
The phase space measure for massive particles 



(c*P-""a^ ip) + e-*P-""6 (p)) . (4.37) 



d^pS{p,p'-m')e{p'')^fP (4.38) 

2po 



^In the calculation we have used the properties of {X,Y) (cf. Appendix IB. 211 . After 
using W (Y,y) = -W (Y, -Y) (cf. llR36l l). ll435t follows immediately. 
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is clearly Lorentz invariant with p° = ^/jp^+m? > 0. The Fourier coefficients 
a, b being operators after canonical quantization are given bjH 



b{p)^- 



(p) = - 



(4.39) 
(4.40) 



These relations together with the canonical commutation relations (|4.2ip 
and (|4.22p imply the harmonic-oscillator commutation relations 

[a ip) , at (q)] = \b (p) , fot = 2p%^ (p - g) , (4.41) 



a (p) , a (q)] = b{p),b{q) = a (p) ,b{q) = a (p) , (q) 



= 0. 



(4.42) 



In Appendix (jC.3p this is explicitly shown in point form. These commutation 
relations in momentum space are the Fourier transforms of ()4.2ip and (j4.22[) . 
Since the operators a{p) ,b (p) , {p) and w (p) satisfy the commutation re- 
lations (j4.41[) and (|4.42p . they may be interpreted as annihilation or creation 
operators. By acting on a Fock space constructed out of one-particle Hilbert 
spaces (cf. Section I2.2.4[) , they annihilate or create field quanta characterized 
by the continuous three-momentum vector p. The mass-shell constraint p.ip 
holds, of course. These basis elements of the, so called, Wigner basis are cigcn- 
states of the three-momentum operator P. 

We shall note that the field expansions (|4.36p and (j4.37p together with the com- 
mutation relations (j4.4ip and (|4.42p imply the explicit form of the Pauli- Jordan 
function A {x - y) in 



4.1.4 Generators in Wigner Representation 

In order to show the equivalence between equal-t and cqual-r field quantization, 
we represent the generators of global gauge transformations and the Poincare 
generators in the Wigner basis. For free fields they are expected to be the same 
in instant and point form |25| . 



Global Gauge Transformations 

In Section 12.2.21 we have seen that the invariance of the Lagrangian density 
under a global U {1) phase transformation of the fields implies a conserved 
current (|2.22p . Inserting the Lagrangian density for free scalar fields (|4.ip yields 
after canonical quantization the current operator 



ix)^i: 0t (x) (x) :, with df, J^^ {x) = 0. 



^These relations are obvious since, e.g., for a we have 



a(p) 



pp,<t>q)j,a{q) + (</.p,<^*)^ fot (q) 



/ 



02gO53 (p-q)a(q), 



(4.43) 



where we have used the orthogonahty relations between plane waves 114.131 1. 1 14. 141 1. 
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denotes the usual normal ordering, i.e. commuting all creation operators 
to the left of the annihilation operators and dropping the commutators in order 
to avoid infinite ground state energies. Integration of the current operator as 
in (j2.23p gives a conserved charge or symmetry operator 



Qkg = / dE^ (x) J^^ (x) 



i I dS^ (x) : (.t) P4, {x) : . (4.44) 



Inserting the field expansions (|4.36l) and (j4.37p and choosing the equal-t hy- 
pcrplanc T,t one ends up with the well known form for the charge operator in 
Wigner representation 

Qkg = / d^x J°G {x)= [ ^ (at (p) a (p) - P (p) b (p)) . (4.45) 

This result suggests to consider a) (p) and a (p) as creation and annihilation 
operators of particles with charge +1 and (p) and b (p) as creation and anni- 
hilation operators of antiparticlcs with charge —1, respectively. 
If we choose the equal-r hypcrboloid S,- as the spacclikc hypersurface, we have 

Qkg = 2i [ d^xS {xxx^ - t^) 9 (x^*) x,, : {x)P^ix) : 



I '^(aHp)a{p)-bHp)b{p] 
Jr3 2po V 



)j , (4.46) 

as calculated in Appendix I C. 4. 11 Comparing (|4.45p with (|4.46p we sec that the 
charge operator integrated over the hypcrboloid has the usual form in Wigner 
representation. 

This result confirms (|2.24[) on using the canonical commutation relations (|4.4ip 
and i.e. 

0(x) = U(a;),QKGl . (4-47) 



Translations 

We have seen in Section [2.2.21 that a conserved current, the energy-momentum 
tensor (j2.31|) . follows from the invariance of the action under displacements. In- 
serting for the Lagrangian density (|4.ip . the energy- momentum tensor becomes 
after canonical quantization 

7^^ (x) = : (9'^(^t (a;) (^) 5^0t (2.) Qf^^ (^) 



'KG 

-5^ 



(4.48) 

with df, {x) = 0. (4.49) 

From equation (j3.49p we have obtained the four-momentum operator (|2.32p as 
integral over a spacelike hypersurface. Applying this to (j4.48p we have 

P^^= f dJ:^{x)fi^{x). (4.50) 
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Inserting the field expansions (|4.36p . (|4.37p and taking the equal-t hyperplane 
Sj, we obtain the usual result for the translation generator in Wigner represen- 
tation 

P^G^ [ d'xf^oi^)^! f^P'(&Hp)Hp)+bHp)Hp))- (4.51) 

Integration over the hypcrboloid gives, after some calculation (of. Ap- 
pendix [C32]) , the same result as in instant form 




(4.52) 



We easily convince ourselves that P^q still transforms as a four-vector under 
Lorentz transformations: 

U{A)Pi^^U{A)-' = / ^p^(aHAp)a{Ap) + bHAp)b{Ap)) 

= f fP{A-'pf(aHp)a{p)+bHp)b{p)) 
Jr3 2po V J 

= (A-')',Pkg, (4.53) 

where Ap means the spatial component of Ap. We have used Lorentz invariance 
of the integration measure and the Lorentz-transformation properties of single- 
particle states [2H] 

J7 (A) al' (p) (A) = flt (Ap) . (4.54) 



This Fock space representation of P^^q together with the harmonic-oscillator 
commutation relations leads to the conclusion, that the field quanta created 
by (p) and 5^ (p) are eigenstates of the free four-momentum operator with 
eigenvalues p^. 

Finally by using the canonical commutation relations (|4.4ip and (|4.42l) we con- 
firm (|2.33p . namely that 



d^ct) (x) = i 



(4.55) 



Lorentz Transformations 



In Section 12.2.21 we have seen from the invariance of the action under Lorentz 
transformations, that a conserved current follows, the so called angular- 
momentum density (j2.43p . With the energy- momentum tensor (j4.48p this gives 
an operator 



M 



KG 



{x) := x^T^G {x) 



X T^Q {x) , 



with df.M'^^ (x) =0. (4.56) 



From (|3.49p we find the associated conserved charges, the generators for Lorentz 
transformations as 



dSA ix)M'^^{x)^ 



dSA(x) x^T^^[x)-x^T^^{x) . (4.57) 



37 



COVARIANT CANONICAL QUANTIZATION OF FREE FIELDS 



Inserting for the energy-momentum tensor (j4.48p and the field expan- 
sions (|4.36|) . (|4.37p and integrating over the equal-t hyperplane St gives the 
generators for boosts and rotations in the Wigner representation |15] 

^KG = / 'P- (P) I'"' (P) « (P) + iP) iP) b iP)) ■ (4-58) 

For /i, = 0,1 we have the boost generators = M^q = —M^q, where 

Z"* = i-^p^ and = ip^^, with acting to the right. For /.j, ly ~ j,k we 

have the generators for spatial rotations J^q = Cy^Mj^Q, where = m*-' = 

^{p'ij-p'i-)- ... 

The similar calculation by integrating over the hyperboloid Ei- is more compli- 
cated but leads to the same result as (|4.58p . 

Finally, we calculate (|2.46p using the canonical commutation relations (|4.4ip 
and as 

{xf'd'' - x^'d") ^ {x) = i 



KG 



(4.59) 



4.2 Dirac Fields 

Considering a free classical spin-i field theory in (3 + l)-dimensional Minkowski 
space-time, we can proceed in an analogous way as for scalar fields. We start 
with a Lagrangian density for the four-component spinor fields "0 (x) , ip (x), 

£d {x) = 4> {x) {i-f^ dx ~ m) ^ {x) , with = V'^t", (4.60) 

where 7^ are the 4x4 Dirac matrice^ . The classical action functional is defined 
by ((2Tk| as 

Sd [V',^] := / A^xL^{x). (4.64) 



The least action principle (|2.14p of varying the action functional with respect 
to 1^} (x) , (x) gives 

These equations are equivalent to the Euler-Lagrange equations 
Wl ^ r. dC-D {x) dCp jx) ^ dCn jx) 

ix) " '''^ a (9^ V (2:)) ' (x) " ^ a (a^v^ (x)) ' ^ ^ ^ 



^The four matrices 7'' obey the following relations: 

{■y'^,Y} = '2g''-'; (4.61) 

(7")^ =7°, (y)^ = -7', 7Vy)S°=7'; (4.62) 

apl^fe^l" =aAb^ -i'^^'^apfe^, with CT^"' = 1 [7^,^"]. (4.63) 
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For the Lagrangian density (j4.60|) . these equations of motion are the Dirae 
equations 

(i-/^~^x-mji^{x) = (4.67) 

Ip (x) (i7^ 1)x + mj = 0, (4.68) 

with ip d x-f^ = (9a "0) 7"^- 

4.2.1 Invariant Scalar Product 

Let ip,x be arbitrary solutions of the Dirac equation (j4.67p . Then their inner 
product on a spacehke hypersurface S can be defined by 

(V^, x)s := / dE'^ (x) ^ {x) 7^X i^) • (4.69) 

Similarly as in Section H.l. 11 (|4.69p does not depend on E [^Hj. Proceeding in 
the same way as in Section 14.1.11 this is proved as follows: 

° (V',x)ei - ('?^'X)s2 = / dE^ (a^) (2;) 7mX (a^) 

Jau 

= [ d*xd^^{^{x)j,xi^)) 
Ju 

= / d^x[{d'^^ix))j,xi^) + ^(.^)-/Ad''x(.^))] 
Ju 

= i d'^x[m-m]i: (x) x {x) = 0, (4.70) 
Ju 

where we have used in the last step that 't{j,x solve the Dirac equations (|4.67p 
and (|4.68p . respectively. • 

The equal-t hyperplane Et yields the usual instant-form scalar product 

{^,xh,= [ d?xi^{x)^^x{x)= j d3a;V^(x)x(-T). (4.71) 

Every solution of the Dirac equations (j4.67p and (j4.68p can be written as an 
expansion of a set of orthogonal solutions. A complete set is given by the 
normalized four-spinors 

i^p,p {x) = (j)pUp (p) and Xp.p ix) = (l)*pVp (p) , (4.72) 

with (j>p{x) given by (|4.12p and p ~ ±^ being the spin-projection quantum 
number. The spinor modes ipp.p (x) are said to be positive energy and Xp-p {x) 
negative energy solutions. 

In the following we want to show that these solutions are orthogonal with respect 
to their scalar product (|4.69p and that this scalar product is independent of the 
chosen hypersurface. 

Since Vp,p (x) and Xp,p (x) solve the Dirac equatioiH, the four-spinors Up (p) 

'Clearly, each component of the solutions also satisfies the Klein-Gordon equation 114.511 . 
expressing the mass-shell constraint I I3.1II . 
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and Vp (p) have to satisfy the momentum-space Dirac equations 

{rP^.-m)up{p) = 0, (4.73) 

{l>^. + m)vp{p) = 0. (4.74) 

The adjoint four-spinors Up (p) and Vp (p) satisfy the adjoint equations 

Up{p){YPp~m) = 0, (4.75) 

Vp{p){l''Pp + m) = 0. (4.76) 

They can be written in terms of orthogonal two-component spinors ^p, £<^p as 

Up{p) = ^p" + m( ), (4.77) 

tr-p 



Vp{p) = -^^PT^[ P"+rn^^P ), (4.78) 



with 



and cr being the Pauh matrice^. Since c^^c^^, = Sp^r with p, <t = ±i and <ij,£(^p = 
0, we have, using (14. 83^ 

Up (p) Ua (p) = -Vp (p) Va (p) = 2m5 p„ , (4.84) 
(p) (P) = (P) -"(T (p) = 0, (4.85) 
(P) (-P) = «i (P) (-P) = 0. 

(4.86) 

To proceed we us^H 

Up (p) 7''"<T (p) = (p) 7^^^. (p) = 2p^,5p,. (4.87) 



"The Pauli spin matrices generate the 2-dimensional representation of the SU (2) by the 
following Lie algebra: 

[ai,aj] = 2ieyfe(Tfe. (4.80) 
Furthermore, they have the following properties 

tro-i =0; o-i = o-|; det cri = -1; (4.81) 

{auoj} = 25ijl2, (4.82) 

from which we obtain the useful relation 

{a ■ a) {(T -b) = a-b + ia ■ {axb) . (4.83) 

With 114.7311 and 114.7511 we can write 



2m. 

1 _ p'' _ 

= —Up (p) Pi, g^"u„ (p) = — Up (p) (p) , 

= 2m4p„, i4.84l 

where we have used 1 14.6111 . 
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The instant-form scalar product between the solutions ijjp^p [x) and Xp.p i^) can 
now be calculated as 

(V'p.p, V'<T,q)s, = 2|3"(5p<,(53 {p-q), ixp^p, x<x,q)s, = 2/5p^j3 (p _ q,) ^ (4.88) 

(V-p^p, X^,q)st (Xp,p, V'^,q)s, = 0- (4-89) 

The modes are orthogonal and the scalar product independent of t. Thus, 
the scalar product between the modes should always give the results of (j4.88p 
and (|4.89l) . independent of the chosen spacelike hypersurface E. The scalar 
product over the hypcrboloid Et- with fixed x\ x^ = = const, reads 

(V, I 2d4x 5 {xx x^ - T^) e x^i^ (x) 7pX {x) . (4.90) 

Indeed we obtain the same result as above, namely 

(V-p.p, V'<T,q)s, = '2p"SpaS^ (p-q), ixp.p, x<T,q)s, 2p°6p„6^ (p-q), (4.91) 

(V'p,p,X<T,q)s, = (Xp,p>^,q)s, = 0,(4.92) 

as shown in Appendix ID. II Thus the inner product is independent of the 
chosen spacelike hypersurface and (|4.70p holds. 



4.2.2 Covariant Canonical Anticommutation Relations 

Canonical quantization is equivalent to considering the classical fields ipjip as 
field operators ip, ip. As in the scalar case (cf. Section l4.1.2p . we can formulate co- 
variant canonical anticommutation relations over a spacelike hypersurface given 
by [3] 

dT.{x) lipaiu) ,T^fs {x)\ = / dT.{x) Itpaiy) ,mi3{x)\ = iSap, 

(4.93) 

j-^a {x) , ijji^ (y) I = {wa (x) , Wfs (y)} 

= (a;) ,TO/3 (y)| = (a;) ,7i7;3 (y)} = 0, x,yeE. (4.94) 

For arbitrary x and y we may again use the Pauli- Jordan function (cf. Sec- 
tion HXH) 

{4'a{x),i;^{y)}=^(^^-f^'-^+m^ ^ A (x - y) , (4.95) 

{wa {x) ,Wf}{y)} =i [n^ (x) 7a] J [rf (y) -f^]^ ^^7*^ ^ + rr^ A {x - y) , 

(4.96) 

with a, P, 7, (5 = 1, . . .4 being the Dirac-spinor indices and (x) the time- 
like vector depending on the chosen space-time foliation. The field operator m 
canonically conjugate to ip is given by 

w (x) = (x) f ^° ^"^^ , = in^ (x) i^-fp (x) (4.97) 
d [dt'ip (x) j 

and w^j°w^. (4.98) 
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Choosing the instant-t plane in (j4.93p . we have 



P ) x«=y°=t 



(4.99) 



Hence, we can immediately conclude that the equal-t canonical anticommutation 
relations are 



V'c (y) , ■0 (2;) 70 „ ^ = { tZ-c (2/) , -0t (a;) I =SapS^{x-y)^ 



If we chose the hyperboloid S,- we have 



„2_,,2__2 



and we can conclude that 

2;^ { tpa (y) , (a;) 7p 



(4.100) 

(4.101) 
(4.102) 



Contracting with [x" 7i/]^^ and using (|4.63p gives 



K J x'^—y'^—r'^ ' Xx X 



(4.103) 



These are the Lorcntz-invariant canonical anticommutation relations when 
quantizing on a hyperboloid. This result agrees with [6] as shown in Ap- 
pendix ID. 21 

For spacelike (x — y) the Pauli- Jordan function A {x — y) vanishes (cf. (|4.28p ). 
thus, when quantizing on a spacelike hypersurface, only the derivative terms 
remain in (|4.95p and (|4.96|) . 

For equal Minkowski times x^ — y^ — t we recover (|4.95p as the usual anticom- 
mutation relations l27lf29l 



(V'a (a:) ,i}j3{y)\ = -7°^ c^oA (x - y) \xO=yO=t = [x - y) ■ 

(4.104) 

When taking the hyperboloid x\ x^ = y\y^ = , we obtain for (14.951) 

K ) x'^—y-^—T'^ 

= - [7'' A (X - y) |:j,2^j^2^.,2 



q/3 



d^p 

Ml (27r)^ 



b (pa/ - m^) B (pO) (c-^P''^--^)" + e^f-^--^)") |,2^,2=,2 



''J"'' XAX^ 



(a; ~ y) , 



(4.105) 
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where we have used the properties of the W distribution (cf. Appendix IB. II) 
For the other anticommutator (|4.96|) we obtain 



= K (^) 71/ [n. (y) ill]: [r x,]^s i^-y)U 

Xx X 



b-^-^U-^S^x-y), (4.106) 



where we have used the unit vector orthogonal on the hyperboloid being 
(a;) = -^SL= (cf. Section We see that Kim\i and are in 

agreement with (j4.103p . as was expected. 



4.2.3 Anticommutation Relations in Momentum Space 

The general solutions -0 and -0 of the Dirac equations (|4.67p and (|4.68p can 
be written as expansions in terms of a complete set of modes. 4'p,p and Xp,p 
of (|4.72p provide an appropriate set, being orthogonal and normalized with 
respect to the scalar product (j4.69p . After canonical quantization we have for 
the field operators 



i! (x) 



i_i Jr3 \ / 

(p)c, {p) + e'P^^\^ {P)dl{p)), 

(4.107) 



(2')' pi?i 



P=±5 

^3 



/ ^(e'^^^'Sp(p)ei(p) + c-'^^^'^p(p)rf;(p) 

' P=±5 



^ ^ p= . 

(4.108) 

The operators c,c',d and d''' are given by the invariant scalar product (|4.69[) asH 
cp(p) = (0p.p,V3)^, ct (p) = (vi,Vp,p)^, (4.109) 
rfp(p)- (Vi,xp,p)^, (xP,P.^)j,- (4-110) 



'For Co, e.g., we have 



Cp (p) 



^, yi»3 



(V'P.P, '/'.T.q)^ C<j (q) + (V'p,p, X<T,q)s 4 (q) 



=0, i4:92l 



7 — zh ^ 



(Jtrp^' (p - g) C,^ (<?) , 



where we have used the orthogonaUty relations between plane wave spinors 114.9111 . 
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These relations, together with the canonical anticommutation relations (|4.93p 
and (|4.94p , imply the harmonic-oscillator anticommutation relations in momen- 
tum space 

{cp(p),ct (9)} = {dpip)JUq)}='2p"6,,6'ip^q), (4.111) 
{cp ip) , (q)} = {ct ip) , ct (q) } = [d, (p) , (q) } = {d] (p) , rft (g) | 
= {cpip)Ji{q)] = {dpip),ciiq)]=0. (4.112) 



In Appendix ID. 31 this statement is explicitly shown in point form. 
Due to these anticommutation relations one may interpret these operators as 
annihilation or creation operators on a Fock space (j2.2.4p annihilating or creat- 
ing field quanta characterized by the continuous three-momentum vector p and 
the discrete spin-projection quantum number p. Therefore the basis consists of 
simultaneous eigcnstates of P and a spin operator with eigenvalue p. 
Finally, we shall note that the field expansions (|4.107p and (|4.108p together 
with the anticommutation relations in momentum space (|4.11ip and (|4.112p 
imply the anticommutation relation (|4.95p and (|4.96p and the explicit form 
of the Pauli- Jordan function in (j4.26p . The anticommutator (j4.95p . using the 
field expansions ()4.107p and (j4.108p and the anticommutation relations ()4.11ip 
and (|4.112p . is explicitly calculated as 



I via ix),'lpi3 (y)| 



H — ^ 2 



( 



e \u.]. (p) [up]^ (p) + eP^(-y)' [v,]^ (p) [v,]p (p)) 



*7''^+m^ ^A(a:-y), (4.113) 
where we have used the projectors (|D.8p and (|D.9p . 

4.2.4 Generators in Wigner Representation 

As in the scalar case (cf. Section I4.1.4p we want to show the equivalence of 
instant- and point-form quantization by representing the generators of our the- 
ory in the Wigner basis (cf . Section I4.2.3P . For free fields they can be shown to 
have the same form. 

Global Gauge Transformations 

As we have seen in Section 12.2.21 the existence of a conserved symmetry cur- 
rent (j2.22p follows from the invariance of the Lagrangian density £d (|4.60p under 
the action of global U (l)-symmctry group. After canonical quantization and 
normal ordering this current reads 

J^{x)=■.4,{x)-^^'lP{x)■., with a^Jj^(a;)=0. (4.114) 
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This current integrated over a spacehke hypersurface gives a conserved charge 
or symmetry operator 

Qd = / dS,, (x) (x) = / dE^ (x) : ^ (x) 7"^^ {x) : . (4.115) 

Inserting the field expansions (|4.107p and (|4.108|) and choosing the equal-t hy- 
perplane Et the resulting charge operator in Wigner representation reads 



^D=E / ^(clip)Cpip)-dlip)dpip)) 

P=±2 



(4.116) 



As in the scalar case this suggests to consider (p) and Cp (p) as creation 
and annihilation operators of particles with charge +1 and dj^ {p) and dp (p) as 
creation and annihilation operators of antiparticles with charge —1, respectively. 
If we choose the equal-r hyperboloid Et- as the spacelike hypersurface we obtain 
the same result as above, namely 



Qd = / '2d^x 5 {xx x^ - r^) 6 (a;°) x^" : ip {x) j^ip (x) : 

E / f^(clip)cp{p)-dl{p)dp{p)). (4.117) 



P=±5 



This is calculated in Appendix ID. 4. II 

Finally we confirm (|2.24p by using the canonical anticommutation rela- 
tions (|4.111|) and (|4.112p . 

(x) = U (x) , QdI . (4.118) 



Translations 

In Section r2. 2. 2 1 we have seen, that the energy-momentum tensor (|2.3ip follows 
from the invariance of the action under displacements. Inserting (|4.60p for the 
Lagrangian density the energy- momentum tensor operator for Dirac fields 
becomes after canonical quantization 



^ (x) 7^ (d''^ (a;)) - (d''^ (x)) 7'^?/' (x) 



with f^"" [x) = 0. 



(4.119) 
(4.120) 

(4.121) 



Inserting the field expansions (j4.107|) , (j4.108p and taking the equal-t hyperplane 
Ej we obtain the usual result for the translation generator in Wigner represen- 
tation, 



From equation p.49p we obtain the four-momentum operator 

p^= I dE,(x)rr(x). 



p=±\ 



2p, 



V (ct(p)cp(p) + dt(p)d;(p)) 



(4.122) 
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As shown in Appendix (|D.4.2p . integration over the hyperboloid Sr gives the 
same result, 



= E / f^p''(clip)c,ip) + dlip)d,ip)). (4.123) 

p=±^ 

Pp, represented in this basis, still transforms as a four- vector under Lorentz 
transformations. 



UiA)P^UiAy 



E / f^p'(ci{Ap)cxiAp)DiiRip,A))Di;iRip,A)) 
~~, 1 Jr3 Zpo \ 



p,cr,A— lb 

+ dl (Ap) dx (Ap) Dip (i? (p. A)) Di; {R (p. A)) 



= y [ ^(A-'pV 

p,cr,X—±^ 

X (4 (p) CA (p) (i? (A- V, A)) DJ^ {R-' (A- V, A)) 
+ 4 (p)rf"A (P) i?lp (i?(A-V,A)) 4a (^"' (A-V,A))' 
= (A-i)'^^P^. (4.124) 

Here, we have used Lorentz invariance of the integration measure and the 
Lorentz-transformation properties of single-particle states |28j 

tj (A) ct (p) U (A)-i = ^ (Ap) dIp {R (p. A)) . (4.125) 

The D3p are the matrix elements of the Wigner D-function^ R denotes a 
Wigner rotation given by 

R (p, A) = A (A (uj) v)-^ A (w) A {v) , (4.126) 

with A (a;) being a general Lorentz transformation and A = a Lorentz 
boost. 

This Fock-space representation of together with the harmonic-oscillator an- 
ticommutation relations (j4.111l) . (14.112^ leads to the conclusion, that the field 
quanta created by cj^ (p) and dj, (p) are eigenstates of the free four-momentum 
operator with eigenvalues p^. 

Finally, on using the canonical commutation relations (|4.111|) and (j4.112p . we 
confirm that 

d>'^p{x) = i\p^,^p{x)\ . (4.127) 



Note that D ^ * {R (p, A)) = D \ {R~^ (p, A)) . 
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Lorentz Transformations 

From Neother's theorem in Section 12.2.21 we have found a conserved current 
under the assumption of the invariance of the action under Lorentz transforma- 
tions. This current is the, so called, angular-momentum density (|2.43p . After 
canonical quantization it is given by 

(x) x^f^" [x) - x^f^" (x) , with (x) = 0. (4.128) 

Then, the associated conserved charge operator reads 



dEA (x) M^^" (x) = / dEA (x) [x^Td^-^ (x) - x'^f^'^ (x)] . (4.129) 



Inserting for the energy-momentum tensor (|4.119p . the field expan- 
sions (|4.107p . (|4.108p and integrating over the equal-t hyperplane E( gives [TS] 



p,cr— ± 



/^-^ (p) 



1 



Ua (P) Ca (p) 



-f dt(p)„J(p) 



K (P) da (P) 



(4.130) 



with ^^"^ and m^'^ given in Section 14.1.41 The similar calculation by integrat- 
ing over the hypcrboloid E^ is more complicated but leads to the same result 
as (|4J30)) . 

Finally we find, using the canonical anticommutation relations (j4.11ip 
and (|4.112p . that 



(x) = I (x) , M>^^ 



(4.131) 
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Chapter 5 



Covariant Scattering 
Theory for Interacting 
Fields 

As we have already mentioned, a necessary condition for the formulation of a 
scattering theory is a time development that covers the whole Minkowski space. 
We assume that the interaction is local and decreases fast enough at infinity. 
This ensures that we can define asymptotic states and a S operator that maps 
between these states of non-interacting particles (cf. Section I2.2.5P . Therefore 
the Hamiltonian p.47p that generates r-development from one hyperboloid to 
another does not seem to be very useful, since it only covers the forward light 
cone. 

Looking for an evolution that covers the whole Minkowski space we make the 
choice as in [35]. That is, we keep r fixed and shift the hyperboloid along a 
timelike path. The generators for this evolution are the components of the four- 
momentum operator. It should, however, be noted that this kind of evolution 
is clearly not perpendicular to the quantization surface. But as we will see, this 
fact docs not play a significant role for the formulation of a scattering theory. 



5.1 Poincare Generators 

When including interactions into a free theory, the kinematic generators 
stay interaction free, whereas the dynamic generators will contain interaction 
terms (cf. Section [5^ . 

In order to include interactions, we add an interaction term to the free La- 
grangian density, 

£ (x) = £troo (a;) + -Cint (a;) • (5.1) 

In (|2.3ip we saw that, as long as £int does not contain derivatives of the fields, 
we can write the interaction part of the energy-momentum tensor as 

f^t (^) = -9'" ■■ Ant (x) : . (5.2) 
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Therefore we have from (|2.32l) for the interacting part of the four-momentum 
operator 

= dE. (x) (^) = - X (x) g'^^ : C^^t (x) : . (5.3) 

Choosing the equal-t hyperplane St we see immediately, that Cint does not enter 
the three-components of the four-momentum operator, i.e. 

PL = / d3x5°.5''^ : ^int (x) / d^x^^^ : ^.t (x) f ^^J' V ' ^^'^'^ 

Jr3 Jr3 \ U / 

On the other hand, if we take the interacting part of the Lorentz generator M'^^ 
and integrate over Et we have 



ML = / d'x g\ {x^g^^ - x^g'^^) : £int (x) : 

d^x - .T-^gO^) : £i„t (x) : . (5.5) 



This expression does not vanish, if either — k/\v~QoTv^k/\^,~{) 
for k — 1,...3, i.e. for boost generators = M^^ = —M^'^. Hence, we 
see expUcitly that the boost generators together with P° become interaction 
dependent in instant form, which is exactly the statement in Section [ 



In point form we have the equal-r hyperboloid T,r giving 

PL = I 2A^x5{x,x^-r^)e{x^)x.f::,^[x) 

2 d^a; 5 {xx x^ - r^) 6 (a;°) x" : Ant {x) : . (5.6) 



We see explicitly that all components of the four-momentum operator become 
interaction dependent. On the other hand, the antisymmetric tensor M^'' stays 
interaction free, i.e. the interaction dependent part of this tensor vanishes 

ML = 2/ d*x6{x,x'-T')e{x')xJx^%-^^ix)-x'^T::n^)) 

= -2 /" d^x 5 {xx x^ - T^) e {x°) x„ {x'^g'"' - x^g"") : Ant (a;) : 

= 0. (5.7) 
Again we observe that the statement in Section [5751 holds. 

Finally, it should be noted that quantization on the hyperboloid provides a 
representation of the Poincare algebra (|2.4p expressed by the, so called, point- 
form equations [281131] 



0, (5.8) 



U{A)P^'U{A^^ = {K-^Y^P", (5.9) 
where P^ is the total four-momentum operator (including all interactions) 

^ If we have = Pf^.^^ + , then j^f^'^j , ^i^t j = follows from microscopic causal- 
ity (cf. Section [Zm . [-P^t' Avcc] + [^free' Ant] = and ((SjJ follow from the transformation 
properties of £int {x) under translations and Lorentz transformations, respectively 1281 . 
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5.2 Covariant Interaction Picture 

As wc have seen, the effect of quantization on the hyperboloid x\ = is that 
interactions described by the £int enter all components of the four-momentum 
operator. Thus, wc can write the total four-momentum operator as the sum of 
a free and an interacting part 

P'^PLo + P-L- (5.10) 

Since all 4 components of the translation generator are interaction dependent, 
we can adapt a covariant interaction picture. It is covariant in the sense that it 
describes evolution into arbitrary timelike space-time directions. In a covariant 
interaction picture both, operators and states, are z-dependent. The operators 
have an evolution generated by the free four- momentum operator Pftco, whereas 
the states have an x-dcpendcncc generated by the interaction four-momentum 
-Ant [3D]. Let O be an operator and |$) be a state specified on the quantization 
surface x\ ~ . Then we have 

O {x) = e^-f'ti-^^ Oe-*■^»^-^^ with O (a; = 0) = 6 (5.11) 

and 

1$ (x)) = e'-^f-^'-e^'-f"'^"' 1$), with 1$ (x = 0)) = 1$). (5.12) 

Then the equations of motions describing evolution of the system into the x- 
direction are given by 

id^d{x)=[d{x),P^ (5.13) 

and 

^^^\<^{x))^Pt^,{x)\<^{x)), (5.14) 

with 

J^^„,(x) =e^^-.-.pM^e-^-.-.. (5.15) 

Evolution of the state from y to x is described by an evolution operator U [x, y), 
such that 

U{,x,y)\^{v))^\^{x)), (5.16) 

with the boundary condition U {x,x) = 1. 

Then the asymptotic states | $in ) and | $out ) are given by 

|$i„) ^ lim U{x,y) 1$ (y)), a;° < (5.17) 

— f oo 

and 

|$out)= lim U[x,v)\^{y)), > 0. (5.18) 



The limits are taken in such a way, that x is timelike, lying in the forward or 
backward light cone for x*^ > or a;*^ < 0, respectively. At — ^ oo, we assume 
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C.\nt [x) and therefore (x) to be negligible. Then we see from (|5.14|) that 
|$in) and |$out) are constant and eigenstates of Pf^^^- Thus I'I'in) and l^out) 
describe non-interacting particles with (physical masses and) definite momenta. 
Inserting (|5.16p into the equation of motion (j5.14p leads to the differential equa- 
tion for U {x, y), 

id^U{x,y)=Pl^^,{x)U{x,y). (5.19) 

This equation can be integrated along an arbitrary smooth path C {x, y) joining 
X and y. C (x, y) can be parameterized in the following way: 

Wf,{s)^yf, + s{x~y)^, < .s < 1, (5.20) 

with 

<i»,M.-„)„d, and (5^21) 

Integrating the equation of motion (|5.19p using this parameterization gives the 
integral equation 

d - d - 

'iWfj,- — U{w,y) = I ds—U{y + s{x~y),y)^iU{y + s{x-y),y) 
c{x,y) ow^ Jq as 



ill (x, y) - ill {y, y) = dw^Ant M U {w, y) 

JC{x,y) 



(5.22) 



Then the solution of this integral equation with the boundary condition can be 
written as 

U{x,y) = dw^Pl'^,{w)U{w,y) 

Jc{x,y) 



Jc(x.v) 



IC{x,y) 

+ {if [ dw,^ I dW2. Ant M Pint (^^2) + ■ • ■ • 

Jc{x,y) Jc{wi.y) 

(5.23) 

Thus the formal solution of the integral equation (I5.22p can be written as path- 
ordered exponential 



U {x, y) = V exp ( -z / dw^P-i^, {w) ) , (5.24) 

\ Jc(x,y) J 

where V denotes the path ordering. 



5.3 Lorentz-Invariant Scattering Operator 

Covariant scattering may be described as evolution from |$in) to l^&out)- That 
is, one starts with non- interacting particles at a;^ — > cx), cc" < described by 
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Figure 5.1: s-development into arbitrary timelike directions. 



I^in), then these particles approach each other, scatter and finally one ends up 
with non-interacting particles at — >■ oo, a:" > described by |$out)- From 
the definition of the scattering operator (|2.50p together with (|5.17p and (|5.18p 
we find 

|$out) = lim 1$ (a;)) = lim lim U {x , y) \<i> {y)) 

= lim lim U{x,y) \<Pin) such that a;° > 0, y° < 0. (5.25) 

Consequently, the scattering operator can be written as 

S = lim lim U {x, y) . (5.26) 

As we have mentioned before, the path C (x, y) of the scattering process can be 
chosen arbitrarily. For simplicity, we take a straight line joining x and y. Then, 
the path may be parameterized as 

Wf_, (s) = + skf,. (5.27) 

a is a constant arbitrary four- vector in Minkowski space and k denotes a timelike 
four- vector normalized to unity describing the direction of the scattering process, 

k:= lim lim with kxk^ = l. (5.28) 

This is illustrated in Figures 15.11 and 15.21 With this parameterization the S 
operator (j5.26p becomes a simple s-ordercd exponential 

S = Sexp (^-t J ds k^P-l^, {w (s))^ . (5.29) 
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Figure 5.2: The scattering process described by w (s) of (|5.27p corresponds to 
shifting a hyperboloid with fixed but arbitrary r into an arbitrary timehke space- 
time direction. This is illustrated for si < S2 < s^. Note that the development 
in s is, unlike r- development, not perpendicular to the hyperboloid. 



The S in front of the exponential denotes the s-ordering. 
Expanding the exponential in powers of the interaction we obtain 



2 



dsi kn / ds2 ki, S 



(5.30) 



It follows from (|5.6p and (|5.15p that the evolution of P;^^ in the interaction 
picture is 



i^^^ (w) = -2 / d'^x S {xx x^ - r^) 6 (x") xt^c'^'r.. C-.nt (x) : e-'-^^fr- ""-^ 
= -2 /" d^xS{xxx^-T^)9{x°)x'' -.Cintix + w):. (5.31) 



54 



COVARIANT SCATTERING THEORY FOR INTERACTING FIELDS 



Inserting (|5.31|) into (|5.29|) yields 



S = Scxp[2i dsk^ d'^xS {xxx^ ~T^)0{x°)xt' : Cintix + sk + a) 
= i + 2i f dsk^ I d'^xS [xx x^ -T^)d (x") : £i„t {x + sk + a) : 



(2z) 



— OO 

2 poo 



dsi k,, 



ds2k, I d^xiS{xixx^ -t')0{x'1)x'I 



X / d*X2S{x2pxP2-T^)e{x2.)x^^ 



xS 



Ant {xi + Si k + a) :: £int (2:2 + S2 A; + a) 



(5.32) 



This expansion of the S operator in orders of the Lagrangian density can be 
shown to be equivalent to the usual instant-form expansion 



S 



S exp I i / ds d^x : Cint (s, a;) 

\ J-00 JK3 

/oo /• 
ds / d^x : Ant (s, 3;) : 
-00 Jm^ 

\2 



+ 



dsi 



dS2 



d^Ti / d^a;2 5 



'Cint (si,a;i) :: Ant (52,3:2) 



(5.33) 



The latter corresponds to scattering theory in the (s = xo)-direetion, i.e. 
k ~ (1,0,0,0) . This equivalence is explicitly shown in Appendix [E] There- 
fore, this manifest covariant formulation of scattering theory and the resulting 
series expansion of the S operator (j5.32p leads to the usual perturbative results. 
Hence, the consequences like overall four-momentum conservation at the vertex 
is guaranteed, although three-momentum conservation at the vertex does, in 
general, not hold in point-form quantum field theory. 



55 



COVARIANT SCATTERING THEORY FOR INTERACTING FIELDS 



56 



Chapter 6 

Summary and Outlook 



Canonical field quantization is usually formulated at equal times. In addition, 
also quantization on the light front has been investigated extensively. These 
quantization procedures can be found in common text books about quantum 
field theory. Only a few papers exist about quantization on the space-time 
hyperboloid x\x^ = r^, although this, so called, point-form quantum field 
theory has some attractive features. In point form the dynamic generators 
of the Poincare group, generating evolution of the system away from the 
quantization surface, can be combined to a four- vector P^. On the other hand, 
the generators for Lorentz transformations P' and J*, i = 1, . . .3, are purely 
kinematic and can be combined to a second-order tensor M'^'^. This makes 
it possible to formulate canonical field quantization in a manifestly Lorentz 
covariant way, without making reference to a particular time parameter. 
In the earlier papers about point-form quantum field theory evolution in r, 
generated by the dilatation operator, has been studied and a Fock basis related 
to the generators of the Lorentz group, the Lorentz basis, has been used. 
However, r-cvolution together with the Lorentz basis lead to a number of 
conceptual difficulties. 

In this diploma thesis we have developed a formalism for quantization 
on the forward hyperboloid which makes use of the usual momentum-state 
basis. Our main objective was then to study evolution of the system generated 
by P'^. 

For free massive spin-0 and free massive spin-^ quantum fields we have shown 
that the Fock-space representation of the Poincare generators in the momentum 
basis is identical with their Fock-space representation when quantizing at equal 
times. Furthermore, (anti)commutation relations on the hyperboloid have 
been found which are Lorentz invariant. These field (anti)commutators are 
in agreement with the general Schwinger-Tomonaga quantization conditions, 
which apply to arbitrary (spacelike) quantization surfaces. All necessary 
integrations over the hyperboloid have been performed in Cartesian coordinates 
by means of an appropriately defined distributior0. 

For interacting theories a generalized interaction picture has been suggested 
which makes no preference of a particular space-time direction. Within this co- 



The idea how to calculate this distribution goes back to F. Coester. 



SUMMARY AND OUTLOOK 



variant interaction picture it is possible to define a Lorentz-invariant scattering 
operator and to formulate a covariant scattering theory. The expansion of the 
generalized scattering operator in powers of the interaction was shown to be 
equivalent to the usual time-ordered perturbation theory. 

As a next step the consequences of these results and their applications 
to point-form quantum mechanical models with a finite number of degrees 
of freedom should be further investigated. In this context one can think of 
deriving effective interactions and (conserved) current operators for application 
in relativistic few-body systems. Another field of application of point-form 
quantum field theory are gauge theories. Due to the manifest Lorentz 
covariance, gauge transformations and gauge invariance can be naturally 
incorporated into the theory. Therefore, by viewing quantum chromodynamics 
as a point-form quantum field theory may lead to new insights into the nature 
of gauge fixing and other properties of non-Abelian gauge theories. 
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Appendix A 

Hypersurface Element 



We have to show that 

dS^^ {x) = n^' (x) dE^ (a-) ^ 2 d^x (5 {xx x^ - r^) B {xP) x", 



(A.l) 



where is the timehke unit vector orthogonal on the spacchke hyperboloid 
: x\x^ — . We will use hyperbolic coordinates (t, ^ = cosh/3, i?, Lp) defined 
by the coordinate transformation (|3.44p . 
o For the volume element we have 



d^a; 



Since x\ x^ = , we can write 

8{xy.X^-Tl)^6{T^-Tl)^ 



dr d^ dz? Alp = - 1 sinz? dr d^ dip. (A.2) 



S{t^to)+S{t + tq) 
2t 



Since ^ = cosh/3 > 0, V/3 G R, we can write 

e{x')^0iTO^0{T). 

Therefore, we can write 

and we have for the hypersurface element 



(A.3) 



(A.4) 



(A.5) 



d^r = 2d'^xS{xxx^ ~T^)e{x'^) ^/x^ = 6{To-T)T^^/^~lsmddTod^d'&dLp 
= T^^C - 1 sini9 d^ dz? d^. (A.6) 

The oriented hypersurface element can be written in Cartesian coordinates as 

/ dxi dx^ dx^ \ " 



dE^ (x) 



dx° dx^ dx^ 
\ dx^dx'^dx'^ J 



(A.7) 
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HYPERSURFACE ELEMENT 



A short calculation yields 
dx^ dx^ dx^ 



dx° dx^ dx^ 



dx° dx^ dx^ 



dx° dx^ dx^ 



d (x°,x'^,x^) 



d{x°,x\x^) 



dC di? dip = T^^^/e - 1 sini9 d^ dd d(p; 
dC d^ dip = [i^ - 1) sin^i? cos(p d^ di9 d(^; 
dCdi?d(/3 = _ Y) sin^t^ sin^s d^ di? d^s; 



Thus, we finally obtain 



d^ dd dip = r' _ sint? cosi? d^ dd dip. 



( 



\ 



T X sin-i^ cosiy9 

r y^^-l sinz? siniy9 
V ^VC^- Icosi? / 
2 d^x (5 (xA x^-T'^)e {x°) x^ = dE 



tVC^- lsmi9d^di?dc^ 



where 



(A.8) 



(A.9) 



which is in agreement with p.lSp and p.50p . 
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Appendix B 

W and Distribution 



Integrations over the space-time hyperboloid x\ = are easily performed 
in Cartesian coordinates on using the distributions W and W^. 



B.l W Distribution 

For W we have to show that 

W{p + q,p-q) = 2p^5^p-q) (B.l) 

and 

W{p~q,p + q) = 0, (B.2) 

for p\p^ ~ q\q^ = rrP' . 

o The W distribution is defined as 

W[p + q,p-q)^W[P,Q) 

:=^-^/ d^a;(5(xAa;^-r2)0(a;°)x^P^e'""''5% (B.3) 
(27r) JR* 

where we have introduced new variables 

P:=p + q and Q := p ~ q. (B.4) 
We see that the constraint 

PxQ^^O (B.5) 

is equivalent to the mass-shell constraint (|3.ip . 

PXP^ =qxq^ ^m". (B.6) 

Thus, the timelike four-vector P is orthogonal to the spacelike Q. Since P is 
timelike, it can be written as a boost transform of a vector P that has a time 
component only, namely 

P = A (u) P = A (w) ^ ^ , with Pa P^ ^PoP° ^ M'\ (B.7) 
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W AND W^' DISTRIBUTION 



A {v) is a rotationless canonical boost with a four- velocity v ~ and is explic- 
itly given by [32] 



K{v) 



1 

V V 

V 1 



M 
M 



EL 

M 

PVM-lppT 



(B.8) 



Since Q is orthogonal to P, it can be written as a boost transform of a vector 
Q, that has only spatial components, i.e. 



Q = A{v)Q = A{v) 





Q 



^2 



, QxQ=-Q 



such that 



Pa Q = 



holds. Inverting (jB.9|) gives 

g = A-i(p/M)g = 



A/ 



17 ^ + — — 



(B.9) 



(B.IO) 



(B.ll) 



From P\ = 0, we can express as Qo = Using this relation together 

with (jB.lip we calculate 



P P Q 



^ PP' j Q 

P"/AI - 1 T 



PP' Q 



/I P" - M 
\MPO ^ MP^ 

ppT \ 



ppl 



Q 



N denotes a 3 x 3 matrix with determinant 

/ ppT \ 



Q = NQ. 



det N = det 1 - 



= 1 - 



M 



P" (po + M) P" ■ 



po (po + M) 

Since W (P, Q) is Lorentz invariant by definition, we have 

2 



(B.12) 



(B.13) 



WiP,Q) - P,0 



(27r)^ 



d^i s {ix - e (f °) i°Po c-'* '? 



1 



(2^)^ 
1 

(2^ 



d^iMe"'*-^ = A/ 5^ m 



(B.14) 



W{P,Q)=MS'{Q] ^MS^i-NQ) = ^^5^iQ)^P"6'iQ). . (B.15) 



In the original frame this has finally the form 

AI 
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If P and Q are interchanged W {Q, P) becomes zero: 
o Similarly as above we have 



W{Q,P) = w(q,p)= ^/ d'^xS{xxi^-T^)e{i°)x-Qe'^"^° 

^ ' (2n) JR* 



L_ [ d^i ^ '^ g.Vi^M ^ 0, (B.16) 



since the integrand is odd in a;. • 

B.2 W^" Distribution 

We define the Lorcntz vector as 

W''iP^Q)--^j^WiP,Q) + ^^WiQ,Q). (B.17) 
We want to show that (P, Q) is identical with 

W!^{Q)^^^( d'^x5{xxx^ ~T'^)e{;x°)x^'c'^''^'' (B.18) 



(2^)^ 

This can be proved as follows: 

o We have 8 variables, P^ and and the constraint Pa = 0, therefore 
7 independent variables. If P^ is timelike, this constraint is equivalent to 
spacelike. For timelike P^ we have Pa P^ = M^. In the following calculation 



we take and P as independent and M = d (P") — P . Differentiation of 



the Lorentz-invariant W distribution (|B.3p with respect to the timelike variable 
P'^ gives 

^ ^ ^ d4x(5(xAX^-T2)0(a;°) [A(t; = P/A/)£]^ P'^( 



2 



(27r)^ Jr4 



(27r)^ Jk4 



d^x <5 (xA - r^) 6* e"" 

d 



d4a;<5(xAX^-r2)^^(.T") 



A {v) X 



pa ^ix„ Q" 

(B. 



with 
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On using Tf = ^ jh ^ short calculation yields 



^ A {v) X 



5PM 



po 



P X 



PP X 



(B.21) 



The second integral in (|B.19p then becomes 
2 



A(-v) " ^ 



d^xS{xxx'' ^T^)e{i°) [ " e-*"-Q. (B.22) 



To evaluate this integral we perform the following spatial rotation: 



am; 





Q 



( \ 




V Q' J 



, A(<p) 



(B.23) 



Then the integral becomes 
A(-<A(-vp); ^ 



A (-.;); A (-v')/ 



(27r) JM4 




V 1 



(27r) JM4 



d^i' 5 (i; 5'^ - r2) 4 e-^^Q' 



d^x5ixxi^ -T^)e{5:°^ Q-=^„-.Q £ 



where we have used in the second step that 

A^x 



.x = Q. 



(B.24) 



(B.25) 



On the other hand, differentiation of (jB.ip gives 



Qpt, V gp^ y-^' gp^ 

We have 8 variables, M, Q and with the constraint (|B.5|) 



PAg^ = A(z;o,-t^)/ 



M 






Q 



(B.26) 



(B.27) 
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If we take v, M, Q as independent and vq = \/l + v'^, then we have 



(B.28) 



Since = AIvq — M\/l + v'^ we have -^po ~ and therefore the second term 



vanishes. Since the v, M, Q are independent we have ^M53 (g) = and the 
third term vanishes also. Only the first term survives giving 



dpo ' 
For the spatial components we have 



2 



dP^^'' W - [oP^m + + OP^O^ j (Q) . (B.30) 

Since P = Mv again only the first term survives giving 



(B.31) 

Thus, we can write (jB.29|) and (jB.31|) as components of a four-vector 

(Q) = ^Po 5' (Q) = j^W {P, Q) . (B.32) 

Therefore, we have shown that {P, Q) = {Q) and the proof is com- 
pleted. • 

This can be seen also as follows: 

o We introduce 2 additional spacelike four-vectors R and 5, such that they 
form together with P and Q an orthogonal basis of Minkowski space. Repre- 
senting X in terms of this basis, we can write (|B.18p as 

d^x 5 {xx x^ - T^) e (x") x^e"'^ 



{2nf 



pH Qfl flfj. Qll 

(P^ Q) + TT^W (Q, Q) + -—.W (i?, Q) + ——W (5, Q) 



PxP^ ' QxQ^ RxR^ ' SxS^ 

(B.33) 

For the calculation of W (i?, Q) and W {S, Q) we can, using Lorentz invariance, 
perform a spatial rotation of our coordinate system for the integration variables, 
so that the new spatial coordinate axes for x'^, x'^ and x'^ coincide with Q, R 
and 5, respectively. For this choice of coordinates the integrands of W {R, Q) 
and W {S,Q) are odd in x'^ and x'^ , respectively. Thus we can conclude that 
W^(i?,g) = W^(S',Q) =0, which proves dUni). • 
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If we interchange P and Q in {P, Q), we immediately obtain 
W^iQ^P) = j^WiP,P) + -^^WiQ,P) 

W{P,P), (B.34) 



PxP^ 

with the corresponding integral representation 

W!;{P)^^^I d^x5{xxx^ ~T'^)e{x°)x^'e'''"^\ (B.35) 
(27r) jRi 

o As in (jB.33[) . we expand x in terms of P, Q, i? and S. Then we perform a 
boost A {v) (1121) in order to find W (Q, P)^W (i?, P) = W {S, P)=0. • 
In addition, we note that 

W{P,-Q)^W{P,Q), W{Q,-Q) = -W{Q,Q). (B.36) 

o The first relation follows immediately from (|B.1[) . The second can be shown 
as follows: 



W{Q,-Q) = w(q,-q)^--^ f 4^Q.5e'^-^ 



Jr3 x^ V 



(27r)^ 7r3 

-VF(Q,Q). . (B.37) 
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Complex Klein-Gordon 
Fields 



C.l Pauli- Jordan Function 

For spacelike (x — y), A{x — y) and its second derivative with respect to some 
timehke directions vanish. 

o In a similar way as before we can write the spacelike vector Y :— x — y as 
a boost transform of a vector which has spatial components only, i.e. 



Y = A{v)Y = A{v) Y j ^ith YxY^ ^ -Y (C.l) 

and vxY^:==0. (C.2) 
Inverting this equation and making use of Lorentz invariance yields 



sin [p -Y 

,,,3/ d-^P A-^ -^^ yYxY^<0, (C.3) 
since the integrand is odd in p. 

For the second derivative of A we have in addition the scalar products 
nx (x) ria (y) p'^ in the integrand. If we choose x, y to be on the hyperboloid 
y2 ^ r2 = (^0 (x)f = (^0 (?/))^ we have then from (IXTSl) n'^ (x) = ^ and 



X 



2 _ „,2 



(y) = • Then a timelike X is given by X = x + y and with u'' 

XaF'^ = holds. In these new variables X,Y wc have n{x) = and 
(y) = ^2~^ and thus 



2t 



nx ix) p^n, {y) P" = ^ [{XxP^f - (n/)'] • (C.4) 
In the boosted frame this has the form 



{Xxp'Y - {Yxp')' - [XoP'Y -[Y-py- (C.5) 
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Proceeding in a similar way as above we obtain 



1 



4r2 {2TTy 
yVxY^ < 0, 



dx^ dy° 



Y p 



sin (p ■ Y 



= 0, 
(C.6) 



since the integrand is odd in p. • 

This result can be generalized to arbitrary spacelike hypersurfaces. 



C.2 Covariant Canonical Commutation Rela- 
tions 

We make use of the hyperbolic coordinates (r, ^ = cosh/3, ^, (p) defined by the 
coordinate transformation p.44p with the hypersurface element (|A.6I) . 
o The Lagrangian operator for free complex scalar fields in hyperbolic coor- 
dinates reads 



L 



KG 



tVC^ - Id^ dcoszJd^. 



r2 (^2 _ i)sin2,? dip dip 



d^^ d(j) 2 It 7 



dE,£KG(T,C,^,¥'), (C.7) 



where £kg ('''j 'y') denotes the Lagrangian density in hyperbolic coordinates. 
The equal-r canonical commutators for the field operators 0, (p)' are given by [5] 



Hy),-^4>^ (^) 



T(a;)=T(y)=T 

S (e (a;) - e (y)) <5 (cost? (x) - cos i9 (y)) 5 ((^ {x) - ip (y)) . (C.8) 



r^^i({x)f-l 
This is in agreement with ()4.25p . if we transform 



d a 



with T = ^'^ and nx (x) (2;) = iQ 
From ([330)1 and 



9 



(C.9) 



(C.IO) 



^The notation for hyperbolic coordinates ^'^ = (t, ^, 1?, (p)'^ should be clear from the context. 
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we see that the covariant commutation relation (j4.21|) is fulfilled, 



T^J{^l^x)f~ld^{x) dcosi?(a;) dip{x) 



(C.ll) 



From 



we obtain the useful relation 

x^5^ {x - y) 

(y)) 5 (cos I? (a;) - cos d {y)) 5 {x) - ip (y)) . 



4>{y),-^^^ (^) 



(C.12) 



T{x)=r{y)=r 



1 



ry(e(x)f -1 



(C.13) 



C.3 Commutation Relations in Momentum 
Space 



We want to show that the commutation relations in momentum space, (|4.4ip 
and (|4.42p . follow from (|4.22p and (|4.32p . We will do this by quantizing on the 
hyperboloid using (|4.32p . 

o For the first commutator (|4.4ip we have, using ()4.39p and (j4.16p . 
[a(p),at (g)] 

- [ d^x S {xx x^ - t2) 9 (x°) x'^e'f " / d^ S [yx y^ - r^) (y°) y^e''^- 



(27r) JH4 



X \ 



d 



=0, Hill} 













a;2— y2 



=0, 14221 



4i 



3 , d4a;(5(a;Aa;^-T2)6l(x")c'P''^'' / d^y ,5 (yA y^ - t^) 61 (y°) c-'"" 
(27r) Jk4 



X < 



0(x),</>t (y) 



- — IX 053(x-y), il4.32t 
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3 , d''xS{x^x^~T^)e{x'')e'P-^' 
(27r) 

xx°5^{x~y) {q„ y" +pp x") 
2/(53 (p-q). 



(C.14) 



b (p) 1 (?) — 2p'^S^ {p — q) is calculated similarly. 
For the other commutator (|4.42p we have 



a{p),b (q) 
4 



3 , d-^xS (xx x^ - T^) e x'^e'P" / d% 6 (yx y^ - r^) 9 (y°) y^e"?- y' 
(27r) jRi 



X < 



=0, EM 



j.Z—yZ, 



=0, 14221 J 



4i 



3 , d^xS{xxx^-T^)9{x°)c'P'''^'' / d4y(5(yAy^-T2)6l(yO)e'«"^'' 
(27r) Jb'I 



X < 



9a y'' x'' 



4>ix),4>^ (y) 



+Pp xP y" 



-—IX '>S3(x~y). J4.32i 



^ d4xJ(z,z^-T2)0(xO)c'^'^^^'' / dS5{yxy^-r^)e{y^)e^^'y' 



xx"d'{x~y){ppxp ^q^y^) 
0. 



(C.15) 



6^ (p) , (q) = can be shown in an similar way. 
For the last commutator in (|4.42p we have 



a (p) , 6t (£ 
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X < 



l-^[x)^^J[y) 



x-^—y-^ 



d ~ ' 



=0, EM 



-g^(p{x),(l>{y) 



=0, EM 

4>{x),(i>{y) ^ 



> = 0. 



=0, EM 



=0, EM 



6t (p),a(q) 



can be shown in an similar way. • 



That the harmonic-oscillator commutation relations, (|4.41l) and (|4.42p . 
also imply the covariant canonical commutation relations, (|4.2ip and (j4.22p . 
can be seen as follows. Again this is shown in point form: 
o In point form the covariant commutation relation (|4.2ip reads (cf: (|4.3ip ) 



(2 



2d'^x S {xx x^ - T^) 9 {x°) (y) , d^,!j)'^ [x) 
^[ ^[ 2d^-'5(-AX^-r^)^(.°).AP^ 

TT) Jr3 Zpo Jr3 Zqo Jr4 



+e 



«Pa X iqx y 



[a(q),at {p)] - . 



P {q),a^ (p) 



a{q),b (p) 



d^q 2d'^xS {xxx^ ^T^)9 {x^)xxp^S^ {p- q) 



X ^e 

i 



tp\ X p-iqx y 



-%px X iqx y 



d^p 



{2ny 7k3 2po 



/ 2d'^x5{xxx^ ~T'^)e{x^)xxP^ 



^ip>.(x-y)^ _|_ g-«PA(2;-y)^~j 



2i 



d'^x 5 {xx x^-T^)e {x°) x^ / d^p 5 {px p^-m^)9 {p°) p^' 



(27r) JM4 
X ^Q-i-Pxix-y)^ _^ Q-ipxix-y)^^ 

if d^xS {xx x^ - T^) 9 {x°) Xf, (W^' (X, Y) + VF" {X, -Y)) 
if d^xS {xx x^ - T^) 9 {x°) x^ (4^W {X, Y) 



\XxX^ 



YxY^ 



w (y, Y) 
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(C.17) 

where we have inserted the harmonic-oscillator commutation relations (|4.4ip 
and (|4.42p . In the last step we have used the properties of (cf. Ap- 
pendix |R2l)- 

The other field commutators vanish, since they involve either only vanishing 
harmonic-oscillator commutators (|4.42p or the Pauli- Jordan functions (j4.26p 
vanish for spacclike {x — y) (cf. Appendix IC.ip . This is, of course, the case for 
x, y lying on the hyperboloid x'^ = y^ = t"^ . • 



C.4 Generators in Wigner Representation 

C.4.1 Generator for Global Gauge Transformations 

Wc want to show that the charge operator has the same Wigner representation 
in instant and point form: 
o From (|4.46|) we have 

Qkg = 2i j^^ d^x S (xA x^ - T^) (x-") x^ : [^t (x) (^d^$ (x)) - (a^0t (3,)^ ^ (^) 
d^p f d^q 2 



3 / d4x(5(xAX^-r2)6i(x")x^ 
2po Jr3 zqo (27r) Jr4 

(P + (c'^*'-''^ (p) a (q) - q-'^p-i)^ ^'b{p) P (q)) 
+ {P- 9)^ (c-'(f ^'6 (p) a (q) - e*(P+9)A (p) P (q) 

d^p r d^q 
3 2po Jts,3 2qo 

+ W {Q, -P) b (p) a{q)-W (Q, P) (p) P (q) 



W (P, Q) at (p) a{q)-W (P, -Q) b (p) &t (g) 



Jr3 2po ^ 

where we have used the properties of the W distribution (cf. Appendix IB. 1 



(C.18) 



C.4. 2 Translation Generator 

We want to show that the four-momentum operator is the same in instant and 
point form. 

o From ()4.52p we have 



/ 2d*x S (xA x^ - T^) 9 (x°) x,7^G (x) 
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{2nf 7m4 ^ ) V J _y^3 2pO 7r3 2g" 

X {[p^xx +pxx^q'' - (qxp^-m^)] 

X |^e'(p-'3)A ^"flt (p) a (q) + e-'(f-«)A ^'St (q) & (p)) 

- [p^ XA + PA x^ - (gA / + m^)] 

X (c*(p+«)a ^""a^ (p) 6^ (q) + c-'(p+«)a (p) a (q)) } . 

(C.19) 

Rewriting the square brackets in terms of P = p + q and Q = p ~ q gives 

XX q^ + Px x^ - x'^ (gA / - m^) = i [P'^ xa - xx + Qx Q^] , 

(C.20) 

p" XX q^ + PX q" ~ x'' {qx p^ + m^) = ^ [P'^ xx P^ - Q" xx - x" Px P^] ■ 

(C.21) 

Interchanging position and momentum integrations yields 

X { [P^ XX P^ - XX + x^ Qx Q^] (c'«^ "'at (p) a (q) + c-'«- (g) ^ (p) 

- [P^ XX P^ - XX - x^ Pa P^] (e^'^^ "'a^ (p) fo^ (q) + e'^^ (p) a (q)) } 
_1 r d^p r d^q 

~ 2 V L V 

X { [p^ (p, g) - g^ i^a (p, Q) + Qx Q^ w^^ (p, g)] (p) « (q) 

+ [P'^ (P, -Q) - Q^ Q^ Wx {P, -Q) + Qx Q^ W (P, -Q)] (q) b (p) 

- [p^ p^ Wx (g, -p) - g'^ (g, -p) - Pa i^'^ (g, -p)] (p) (q) 

- [p^ p^ M^A (g, p) - g^ (g, p) - Pa p^ i^^ (g, p)] S (p) a (q)} , (c.22) 

where we have expressed the x-integrals by the integral representation of the 
W-distribution (jB.Sp and its derivative (|B.18|) . It can be easily seen that 
Pi" W (P, g) at (p) a (q) and P^ (P, -Q) St (q) 6 (p) are the only surviving 
terms. For the ata-contribution wc have 

p^ w (p, Q) - Q^ Q^ Wx (p, g) + gA g^ (p, g) 

= p'^ (p, g) - g^ g^ ^r^^^ - g%^^ 

^ P^ , 

+Qx Q^ jrj^w (P^ Q) + g^ gTo^^ (Q' Q) 

= pf'W (P, g) , (C.23) 



since Pa g^ = and gA Q^ W (P, Q) = -Q" P° 5^ (^Qj = 0. 
The fetfe-contribution is calculated similarly. 
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For the a^&^-contribution we have 



Wx (g, -P) -Q^'W (Q, -P) - Px P^ W (Q, -P) 

p. PM 

P^ ^ t W (P, -P) - Pa P^ W (P, -P) 



P.P" 



P.P" 



= 0, 



(C.24) 



since W {Q, -P) = 0. 

The 6 a-contribution vanishes similarly. 

Therefore, we finally have 



-"KG 



1 f d^p f d^q 



2 U U 2qO 
d^p f d^q 



W (P, Q) at (p) a{q) + W (P, -Q) 6+ (p) b (q) 



2p° 7r3 2g' 



^Pi^P^S^Q) aHp)aiq) + bHp)b{q) 



d3p 

M3 2po 



(at (p)a(p) + &t 



(C.25) 
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D.l Invariant Scalar Product 

For the scalar product between positive frequency modes (j4.91|) we have 
(V'p,p,^.,q)s = / d4x,5(xAX^-T2)0(xO)x''e'^^(P-«)'Sp(p)7^u,(q) 

= pA "p (P) (p + g) (g) + Mp (p) 7m (p - g) (g) 

= {rn—m)Up(jp)u„{q)=Q 



4pA 



2m Up (p) (p) = 2/(5p,53 (p _ q) ^ (D.l) 



where we have used the Dirac equations for Up (p) (|4.75p and u^- {q) (j4.73p . The 
scalar product between negative frequency modes gives the same result. For the 
mixed scalar product (|4.92p we have 

(V'p,p,X.,<,)s = -As/ d4x<5(xAa;^"r2)0(x°)x^e"^(P+')'Sp(p)7^«<,(9) 
(27r) JK4 

= (0, P) Up (p) 7p^;, (q) = p\pJ ^P (p) 7p (p + g)" (q) 

W (P P) 

= P,PA (^^-H^p(p)^. (g) = o, (D.2) 

where we have used the Dirac equations for Up (p) (|4.75p and (q) (|4.74p . The 
other mixed scalar product vanishes in a similar way. 



D.2 Covariant Canonical Anticommutation Re- 
lations 

We use hyperbolic coordinates (r, ^ = cosh/3, ip) p.44[) with the hypersurface 
element (|A.6p . 
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o The Lagrangian operator for free Dirac fields in liyperbolic coordinates reads 



7^ XX 



- IdC dcost? dip I iip 



dr 2t 



(D.3) 



The cqual-r canonical anticommutation relations are given by [5] 



5 {x) -^{y))S (cos I? (x) - cos (y)) (5 (<y9 (x) - ip (y)) 



(D.4) 



such that the covariant anticommutator relation (|4.93l) is satisfied, 



= I T' 



V(a^))'-ld^(a:) dcosi9(a;) d^ (x) [^^ x^%^ {y) {x)} 

* ' L J Tlx) — r(?/)— T 



(x)^r{y)- 

(D.5) 



With relation (jC.13|) we see, that the anticommutators (jD.4|) and (|4.103p are 
essentially the same. • 



D.3 Anticommutation Relations in Momentum 
Space 

We want to show explicitly in point form, that the covariant canonical anticom- 
mutation relation, (j4.94[) and (|4.103p . imply the anticommutation relations in 
momentum space, (|4.11ip and (|4.112l) . 

o For the anticommutators (|4.11ip on the hyperboloid we have 
{cp(p),ct (q)} = 4/ d'xS{xxx^'T^)9{x")x>^ f d'yS{y^y^-T^)0{y^)y-' 

X I [ijp,p {x) 7^] " -0 (a^) ^ , (y) iv [i^a^q {y)] p 

= -i-3 / d^x5{x^x^~r^)e{x^)x^^ I d^y5{y^y^~T^)e{y^) 



xe 



[up (p) 7m]" ["'^ y"" \ i^a {x) , V (y) 7i 



{2T:y Jm4 



=a;iM^^53(x-i/), l l4.103i 

d^a; S {xx x^ - r^) 6* (x") x^e'^P-^'^ ^'wp (p) 7pW<, (q) 
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(P, Q) Up ip) 7^u. (q) = {P + qf Sp^S' {p - q) 

{p + Q)x Ip + q) 

■ Up (p) 7m (p - if (q) W (Q, Q) 



Qx Q' 



=0. Em 

^pcr^ \y-q), (D.6) 

where we have used the properties of (of. Appeiidix lB.2[) . |dp (p) , dj. (q) | = 

2p°^pcr^"^ (p ~ q) is calculated similarly. 
For the anticommutators (|4.112p we have 



X UV'p,p (2;) 7m] " , ■4'{y)ii' [xa,q{y)]0 

L J a L J 

-I3 / d^xS {xx x'-r')9{x')x^ [ d^yS {yx y' - r^) 9 (y") 



=xOS^S^(x~y), ]4.103[ 

d'^x S {xx x^ - r^) 9 (a;°) x^e'^f +«)a ^'up (p) 7^f<, (q) 



M/^(Q,P)mp(p)7mW^ (q) 

jrj^^P (P) 7m (p^ + qn {q) w (P, P) 



1 



(m - m) Up (p) (q) W (P P) = 0, 



(D.7) 



where we have used (|4.75p and (|4.74p . jdj, (p) , (q)| can be shown to vanish 
in a similar way. 

For the last anticommutators in (|4.112p we have 

{cp{p)JUq)} = 4/ d^xS{xxx^~T')9{x'')x^ f d^y 6 {yxy^ - r') 9 {y") y'' 



X <^ [i)p^p {x) 7p] ^ V (a;) 



(2^)' 



xe 



0. 



, [x^,q (y) 7i']/3 ['^ (y) 

d^rr 5 {xx - r2) 9 / d^y 5 {yx y^ ~ r^) 9 y^ 

(p) iti]a [^'^ (9) 7^^]^ (V'a (a;) , ^fs (y)} 



=0, Km 



Similarly, (p) , Ca (q)| can be shown to vanish. 
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That the harmonic-oscniator anticommutation relations, (|4.111|) and (j4.112p . 
imply the covariant canonical anticommutation relations, (|4.93p and (|4.94p . 
can be seen as follows. Before that, we introduce the projector for positive 
frequencies being 



and the projector for negative frequencies as 



(D.8) 



p=±i 



(D.9) 



o In point form the covariant anticommutation relations are 



2d^x S {xx - t2) e (x°) x^ I (y) , {x) 7^ 
2d^a; S (xx x^ - 



d^p 



d^Q 

2qO 



+ e'^P y^e-^P" (g)]„ [v, (p) 7^^ {4 (q) , d, (p)} 
+ c-^-^" ^"e-'^'^ [u. (p) 7^]^ {c, (g) , d, (p)} 

+ e'^^ ^"e^^" [v. iq)U K iP) {di (g) , cl (p)}' 



2d^xS{xx x^ -T^)e{x'^)x''- 



^ 



(27r) 



[Up [Up (p) 7p]^ + e-'f^(--^)' [u, (p)]^ [z;, (p) 7^]^ 

9\ ^ / n\ 1 



2d''a; S {xx x^ - t^) 9 {x' , 3 



(27r) Jm4 



d4p<5(pAP^-m2)0(/) 



" V ' 



-ipx{x-y) 



1 



'^-1 (27r) Jk4 
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X I i5^p x'' [ {X, Y) + {X, -Y)] + 2m [x^ 7^]^^ A (x - y) |,2=^2=, 



=0, 14:281 

z5^f, I d'x 5 (x. x^ -T^)e ^ ^•^'^(^ + ^^)^ + yf 53 _ 

Jri (2; + y)A (a; + 2/) 

«^a/3, (D.IO) 



where we have used (|4.63p for c-numbers p, x, i.e. 7^ 7"^ = .t''. 



D.4 Generators in Wigner Representation 

D.4.1 Generator for Global Gauge Transformations 

We want to find the Wigner representation of Qu calculated in point form: 
o From (|4.117p we have 

Qd = [ 2d''xS{xxx^ ^T^)e{x'')x'' ■.iP{x)j^iP{x) : 

= y f / d'x5(x^x^~T')0(x'')x'^ 

X : (e'(P-«)^ -"up ip) 7^^i. (q) cl (p) (q) 

+ e-'(f-').^ (p) 7p^^. (q) dp (p) 4 (g) 
+ e'(P+').^ -'^Sp (p) 7^1;, (q) cl (p) 4 (q) 

+ e-'(^+«''^ ^''i;p (p) 7p^i. (q) rfp (P) (q)) : 

f d^p /■ d^q 
^ 1 Jr^ 2po Jrs 2qo 

X : [m^'' (P, Q) (up (p) 7pit^ (q) c], (p) (q) + Vp (p) 7^w<, (q) dp (p) 4 (?)) 
+ (Q, P) (up (p) 7pi;^ (q) ct (p) 4 (q) + Vp (p) 7pM, (q) dp (p) (q)) 

79 



DIRAC FIELDS 



^ 1 Jr^ 2po Jm 290 

ip + <i)x ip + q) 

X (up {p) jpU^ (q) cl (p) Ca [q) + Vp (p) jpVa- (q) dp (p) dl (q) 
X (up {p) -ipU„ (q) cl (p) Co- [q) + Vp (p) -fpVa- (q) dp (p) dl (q) 

X {up (p) IpVa (g) ct (p) 4 (9) + Vp (p) -fpUa- (?) dp (p) Co- (?) 



E / f^{£l{p)£AP)~dl{p)dp{p)), (D.ll) 

P=±3 



where we have used the Dirac equations of the spinors, (|4.73[) . (|4.74|) . (j4.75p 
and (|4J6l) . • 



D.4.2 Translation Generator 



Wc want to calculate in Wigner basis: 
o From (|4.123p we have 



4 

4> (x) 7, (^)) - (5^^ (x)) 7,^ (x) 

^3p r 



p,cr=±h 



R3 ^PO 



90 JRI 



X : 



tip (P) I'^u^ (g) c), (p) c„ {q) 



- e-"^ (P-^) (p) 7.tV (g) rfp (P) dl (q) 
+ {p- qf (e-^ (p) 7.«. (g) ct (p) dl (q) 

- e-"^(f+«)'z;p (p) 7.W. (g) dp (P) (g) 
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1 V f ^ f ^ 

2 ^ 1 ^3 2po 7^3 2qa 

X : [P^ (P, Q) Up (p) 7,u, (9) ct (p) (q) 

- W (P, -Q) 5p (p) ^,v„ (q) 4 (p) 4 (q) 

(m^'' (g, P) Up (p) 7.«<. (9) (p) 4 (g) 

- M^'' (Q, -P) (p) 7.^^. (?) rfp (P) (g)) 

1 r ^ r fq 

X : P^ 



2po 7r3 2qo 

x^'Hp- q) Up (p) 7!^'"<T [q] cl (p) c,, (g) 
W (Q, Q) Mp (p) -ii^Ua (g) c); (p) c,, (g) 



{P + 9)a (p + 9) 



(p + gr (p + g) ^3 _ ^^^^ ^-t (q) 

(P + 'ZjA + 

(g, -Q) Vp (p) 7,«<, (g) dp (p) 4 (q; 



PaP^ 

(p + g)"^ 
PaP^ 



Ty(P,P) Up (p)7,z;, (g)c^ (p) 4 (?) 



(P -P) «p (p) 7,u„ (g) dp (p) (g) 



E / ^P^fe(p)cp(p)+dt(p)dp(p) 



(D.12) 



P=±5 



where we have used (|4.87p and the Dirac equations in momentum space for the 
spinors, (|I75)) and g^i)- • 
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Appendix E 

Dyson Expansion 



The objective of this appendix is to show order by order that the Dyson expan- 
sions for the S operator in the usual instant-form (|5.33p and in the generahzed 
point-form formulation (|5.32[) are equivalent. 



E.l First Order 

We initially show that the second term of (|5.32p is equivalent to the second term 

of (2321). 

o Since fc is a timelike vector, it can be written as a Lorentz-boosted unit 
vector in x°-direction, 



fc = A (v) fc, with fc 






V J 



(E.l) 



with " " denoting "boosted with A ^ (t')". To simphfy notation in the follow- 
ing, we will write A (v) as A. The second term of (|5.32p is 



— oo 
oo 



d^x S {xx x^ -T^)e (x") xf" : £i„t (x + sk + a) 

X + s k + d 



ds kf^ 

ds / d'^x S {xx - T^) 6 (i") i° : £i„t (a (, 



£int ( A ( X + S ^' + a 



(E.2) 



where we have used Lorentz invariance of the hypersurface element. We define 
now a new variable z as 



+ t2 + 5 + 5" 



X + a 

The invariant volume element transforms as 



d^z = 



d (s, x) 



ds d'^i, 



(E.3) 



(E.4) 
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with the Jacobian determinant being 

1 



d (s, x) 



= 1. 



(E.5) 



Thus, we obtain 



(a (j + 5fc + a)):= / d^z: Ant(Az):= / d^z : Ant W : 

V V // /lIJ4 loi 



(E.6) 



Here, we have again used Lorentz invariance of the volume element and that 
£int transforms like a Lorentz scalar (|2.1ip . This result is equivalent to the first 
order instant-form Dyson expansion of the S operator (|5.33p . • 

E.2 Second Order 

o For higher orders we have to take s-ordering into account. The second order 
contribution to the S operator (|5.32p reads 

dsi k^, \ ds2 K \ d^xi 8 (ziA x\ - T^) e (.T°) 

d'^X2 S {x2x X2 - T^) (xj) X2 S : £int (2:1 + sik + a) :: £int {x2 + S2k + a) 
2 Z""" 

2 / dsi / ds2 k„ 

-'—00 -'—00 

X [ d*xiS{xixx^~T^)e{x"^)x';; [ d*X2 6{x2X X^~-T^)9{x°)x^ 

' (si - S2) ■■ Cint {xi + sik + a) :: Ant ix2 + S2 A; + a) : 
+ 6{s2 - si) : dnt {x2 + S2k + a) :: Ant [xi + sik + a) 
dsi / ds2 / d^xi / d^i2 
' (si - S2) : £int (a (^xi + si fc + ^ :: £int (^A (^i2 + S2 fc + a ] 



+ 9 {s2 - si) : £int I A [x2 + S2k + a] ] :: £int I A [xi + sik + a 



where wc have used Lorentz invariance as before. Introducing again new vari- 
ables Zi,Z2 given by the transformation (jE.Sp with (si^Xi) — > Zi, i ~ 1,2 and 



(E.7) 



with the abbreviation d {zi, Z2) 
tain for (IRTT) 



{Zi — of' + — \/ {Z2 — Obf + wc ob- 



d^zi d^Z2 0(z?-z^-rf(2i,22)) : Ant(Azi) :: A„t(Az2) : 
+ 0(z°-z° + d(2i,22)) : Ant(Az2) :: A„t(Azi) : 
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d^zi / d3z2 



dz^ : £int(Azi) ::£i„t(Az2) : 



z'>~d{zuZ2) 



dz° :£i„t (Az2) ::A„t(Azi) 



dz°: Ant(Azi)::Ant (Azs) 

J 



dz°:A„t (Azi):: Ant (Azs) 



d^zi / d^za 

dz° : Ant (Az2) :: Ant(Azi) : + 

I 

dz° :Ant (Az2) ::£int(Azi) 

z'>-d{zuZ2} 



The last 2 terms cancel out as follows: At the integration limit = of the 
Z2-iiitegration we see that zi and Z2 are spacelike separated, 



{Zi - Z2)^ [zi - 22) z°=z'l =-{zi- Z2f < 0. 



(E.9) 



This holds as well for the other integration limit Z2 = z^ — d {zi, Z2), which can 
be seen as follows: We have to show that 



{zi ~ Z2) 

{ZI,Z2) - {Zi - Z2) 



1 



< 0; 



2t^ -2^J{zl-af + T^sJ{z2-ay + +2{zi-d)-{z2-a) < 0. 

(E.IO) 

By bringing the square root on the other side we have on both sides positive 
values, thus squaring gives 

t'' + 2t^ (zi - d) ■ {z2 - a) + {zi - of {z2 - of cos^ (21,^2) 

< {Zi - of {Z2 - of +t'^ {Zi - of + {Z2 - d)" 

=^ {Zi - df {Z2 - df (COS^ {ZI,Z2) - 1) < (^1 - Z2f . (E.ll) 

This is always satisfied. What is left to show is that zi and Z2 are spacelike 
separated also between these integration limits. The function 



/ {zl) = (Zi - Z2), (Zi - Z2)' = (Z? - Zlf {Z, Z2f 

with fixed zj*, -Si, 22 has only one minimum at Zj ~ z\. Since 
/(z?)<0 A /(zO~d(2i,^2)) <0 

=^/(z2") <0, Vz2"e [zO,Z?-d(^i,Z2)] , 



(E.12) 



(E.13) 
(E.14) 



(E.8) 
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we have shown that zi and Z2 have spacehke separation over the whole integra- 
tion interval. This is obvious, since / (zj) becomes zero at 2° = -2? i \zi — Z2\, 
which is outside the integration interval. In addition we find the following: 



\zi-Z2\ > \d{zi,Z2)\; 



{zi - d) 



{z2-d) +r2 > + {zi - d) ■ {Z2 - d) 



^ {zi - df {Z2- df {1- cos^ {zi,Z2)) > -t'^{zi-Z2) 



(E.15) 



In the considered integration interval, where zi and Z2 are always separated by 
a spacelike distance, it follows from (|2.47p and (|2.11l) that 



£i„t (A Z2) £i„t (A zi) = J7 (A) Cint iz2) Ant (^i) U (A)- 

= j7(A)A„t (^i)Ant {z2)uiAy\ 



(E.16) 



Therefore, the last 2 integrals in (jE.8|) cancel each other. 

Thus, for the remaining terms in (jE.8|) wc find the usual second order contribu- 
tion as 



d^zi / Sz2 / dz°:£i„t(Azi):: Ant(Az2): 

dz° : £i„t(Az2) :: Ant (Azi) 

d^zi / dS2 \e (z? - Z2") : Ant (A zi) :: Ant (A Z2) : 
(z2"-z0) : Ant (Az2) :: Ant(Azi) : 
d^zi dS2 \e (z° - Z2") : Ant (^i) :: >Ci„t (^2) : 

(E.17) 



+ (z° - z°) : £i„t (22) :: Ant (^^i) 



where we have used that 9 (z'') = ^A -^^^^ is Lorentz invariant. A timclikc 
component of a four- vector does not change the sign under a continuous Lorentz 
transformation of C \. • 



E.3 Third Order 



o For the third order contribution to the S operator in f|4.67p we have 
dsi / ds2 ky I ds3 kx 

'Oo J —00 J — 00 

X / A^Xx5{xixX^-T'^)e{x\)xl{ [ d'^X2 6{x2XX^-T^)9{x°2) 

X / d^x3S{x3xx^~T')e{x°)x^ 

xS : Ant (xi + sik) :: Ant {^2 + S2k) :: £i„t (X3 -|- S3 fc) 
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/CO poo POO 

-oo J — oo J — oo 



X / d'^xi S {xix Xi - T^) 


e{xl)xt 


/ d4x2(5( 


2;2A x^ - 


) 9 {x'2) 


•^2 


r 

X / d'*X3 <5 (xaA - T^) 


e {xl) xl 










X [e{si - S2)9is2 - S3) 












X : £int {xi + Si k + a) : 


Cint {X2 H 


h S2 fc + a) 


■■ Ant {X3 + 


S3 + 


a): 


+ 6 {si ~ S3) 6 {s3 - S2) 












X : tint {xi + Si k + a) : 


-Cint {X3 H 


h S3 fc + a) 


■■ Ant (2:2 + 


S2 fc + 


a): 


+ {si ~ S2) e {S3 ~ si) 












X : £int {x3 + S3 k + a) : 


'Cint {Xi H 


h si fc + a) 


:: Ant {X2 + 


S2 fc + 


a): 


+ e{s2- si)e{si- S3) 












X : Cn-it {x2 + S2k + a) : 


'Cint {Xi H 


h si fc + a) 


■■ Ant (2:3 + 


S3 fc + 


a): 


+ 0{S2- S3)B{S3- Sl) 












X : £iiit {x2 + S2k + a) : 


-Cint {X3 H 


h S3 fc + a) 


:: Ant [xi + 


Si fc + 


a): 


+ e{s2- si)e{s3~ S2) 












X : £int (a;3 + S3 /c + a) : 


Cint ix2 H 


h S2 fc + a) 


■■ Ant [xi + 


Si fc + 


a) :" 



(E.18) 



Again making use of Lorentz invariance and introducing new variables zi, Z2, Z3 
as before in (jE.Sp . we have (ignoring the z-intcgrations) 



CO /' />oo 

dz"il / dz^9{z°^z^-d{zi,Z2)) 

-00 kJ — 00 

X / dz°(0(z2°-z°-d(2;2,Z3)) : Ant(A^i):: Ant(Az2):: Ant(Az3): 

.J — 00 ^ 

+ 9{z°i~z°~d{zi,Z3))e{z°-z^ + d{z2,Z3)) : Ant(Azi) :: Ant(Az3) :: Ant (A 22) 
+ 9{z°^~ z°i+d{zi,Z3)) : Ant(Az3) :: Ant(Azi) :: Ant(Az2) :) 

dz^9{z°2- 4 + d{zi,Z2)) 
dzl (0 {z^ - z° ~dizi,Z3)) : Ant iz2) :: Ant (Azi) :: Ant (AZ3) : 

O 

+ 9{z^~z°^^diz2,Z3))e{z°-z°^+d{zi,Z3)) : Ant(Az2) :: Ant(Az3) :: Ant(A2i) 
+ 9{z^^- z° + d{z2,Z3)) : Ant(Az3) :: Ant(Az2) :: Ant(Azi) :)]} 
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z°-d{zi,Z2) 



Z2-d{z2,Z3) 



dz^ : £i„t (Azi) :: Ant (A 22) :: Ant (Aza) 



2i -d{zi ,za) 



zi^~d{z2,Z3) 



dz^ : Ant (Azi) :: Ant (Azs) :: Ant (AZ2) 



zO-d{zi,Z3) 



dz'^ : Ant (Azs) :: £int (Azi) :: Ant (AZ2) 



z'l-d(zi,Z2) 

Z2-d{z2.Z3) 



dz2° 



2:?-d(2i,Z3) 



dz^ : Ant (AZ2) :: 'Cint (Azi) :: Ant (Azs) 



z1-d{zuZ3) 



dz^ : Ant (AZ2) :: Ant (Azs) :: Cint (Azi) 



dz^ : Ant (Azs) :: Cint (AZ2) :: Ant (Azi) 

Z§-d(z2,Z3) 

The first expression in tlie square brackets can be written as 
dz§ : Ant (Azi) :: £int (AZ2) :: Ant (Azs) : 
+ / dz^ Cint (A zi) :: d^t (A zg) C^t (A Z2) : 



+ / ^ dzg" : Ant (Aza) :: Ant (Azi) :: Ant (Azz) : 

L 

Z2-d{z2.Z3) 

dz^ : £i„t (Azi) :: Ant (AZ2) :: Ant (Azg) 



z5~(i(z2,Z3) 

zJ-d(zi,Z3) 



dz^ : Ant (Azi) :: Ant (Azg) :: Ant (AZ2) : 



zO-ci(zi,Z3) 



dzg : £i„t (Azi) :: Ant (Azs) :: Ant (AZ2) 



dz^ : Ant (Azs) :: £int (Azi) :: Ant (AZ2) 



(E.20) 



The last 4 terms cancel with the same argument as in (jE.9p - (jE.16p . The same 
holds for the second square bracket in (jE.19p . The Zj -integrals of (|E.19p can 
again be split into 2 terms 



Z?-d(zi,Z2) 



dz". 



dzO 



Z°~d{zi,Z2) 



dzl 



(E.21) 



(E.19) 
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The first terms give the usual instant-form contributions since J^^ d'^z 9 (z") 
is Lorentz invariant. The second terms are integrations over intervals, where 
zi , Z2 are spacelike separated, thus the corresponding Lagrangian densities com- 
mute (cf. Section [2.2. 3p . These terms are (leaving the zi and Z2-intcgrations 
away) 

/ dz^ : dnt (A zi) :: Ant (A Z2) :: £int (23) : 

'J —00 

dz° : Ant (Azi) :: (Azg) :: Ant (Azz) : 
dzl : £i„t (Azg) :: Ant (Azi) :: £i„t (Aza) : 

00 

dz^ : Ant (Az2) :: £int (Azi) :: Ant (Aza) : 
dz" : Ant (AZ2) :: Ant (Azs) :: Ant (Azi) : 
dz^ : Ant (Aza) :: Ant (AZ2) :: £int (Azi) : 
dzg : £i„t (Azi) :: Ant (AZ2) :: £int (Aza) : 
dz^ : Ant (Aza) :: Ant (Azi) :: £int (AZ2) : 

dz" : £i„t (Azi) :: Ant (Aza) :: Ant (AZ2) : 

+ : £int (A Z2) :: £int (A za) :: Ant (zi) : • 

(E.22) 

Zi and Z2 are spacelike separated and the integration limits of the Zg-integration 
are Zi and Zj. Therefore za is spacelike separated with either zi or Z2 (or both 
zi and Z2). In either case, the last contributions cancel out by performing the 
appropriate commutations. Then the 3 remaining terms are just the usual time 
ordering as in instant form. Thus, the third order perturbation theory is the 
same as in instant-form quantum field theory. Consequently, we have shown 
that also the third order contributions for the S operator arc equivalent to the 
usual time-ordered perturbation theory. • 

Similarly, it can be shown by complete induction that this is true for all orders 
of the perturbation series. 
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